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Hugh L. Dryden, Director of the National 
Advisory Committee for Aeronautics, 
served as President of the IAS in 1943. 
Before joining the NACA in 1947, the 
noted physicist had been with the National 
Bureau of Standards 29 years. At the age 
of 21, he became Chief of its Aerody- 
namics Section and later was successively 
Chief of the Mechanics and Sound Division, 
Assistant Director, and Associate Director. 

Born in Pocomoke City, Md., in 1898, 
Dr. Dryden was graduated from Johns Hop- 
kins University in 1916 and obtained his 
Ph.D. in physics and mathematics in 1919. 
He has six honorary degrees. An Honor- 
ary Fellow of the IAS and a Fellow of the 
Royal Aeronauticai Society, he delivered 
the second Wright Brothers Lecture in 1938 
and the Wilbur Wright Memorial Lecture 
of the RAeS in 1949. Recently, Dr. 
Dryden was named the Wright Brothers 
Medalist for 1955, having previously been 
awarded the Daniel Guggenheim Medal in 
1950 and the Sylvanus Albert Reed Award 
in 1940. He was President of the Washing- 
ton Academy of Sciences in 1946. He has 
served the U.S. Government on numerous 
scientific advisory committees, including 
AGARD, the Scientific Advisory Board of 
the Air Force, and the Research and De- 
velopment Board of the Department of De- 
fense. For his aid in developing guided 
missiles, Dr. Dryden was awarded the Medal 
for Freedom and the Presidential Certificate 
of Merit. 


There are many reasons why members of this organ 
ization are indebted to the NACA’s director. As a 
Charter Member, a Past President, a long-time Council 
Member, and an active participant in many IAS affairs, 
Dr. Dryden has made long and notable contributions 
to the work of the Institute. 

In one area in particular he has left an indelible mark. 
For the past 15 years, he has been Editor of the JouRNAI 
OF THE AERONAUTICAL SCIENCES. His sound judgment 








and wise guidance in the selection and preparation of its 
papers for publication have put the JOURNAL in the 
forefront of the world’s scientific publications. He has 
been assisted by editorial committees in the several 
technical fields and by a competent staff, but he has 
been largely responsible for the technical material that 
has appeared between the familiar blue covers since 
1942. 

A simple scanning of all the papers that have come 
to hand in the past 12 years or so would have provided 
an almost full-time job for an ordinary man. But Dr. 
Dryden is not an ordinary man. In his deceptively 
easy-going and quiet way, he runs a wide variety of 
operations in the national defense network. Outside 
of NACA, he is an active member of an astounding 
number of boards and committees. He is U.S. repre- 
sentative to AGARD and seldom misses any important 
gathering of aeronautical scientists and physicists 
around the world. And yet, with all his commitments, 
he has always found time to look over JOURNAL papers, 
confer with our editors, and correspond with authors 
on technical questions. 

But Hugh Dryden, as a human being, has physical 
limits. He can handle only so much at a time. A 
vear or more ago, he let us know that he must, of heces- 
sity, reduce his total load and asked us to seek a replace- 


...anda 
“Welcome Aboard” 
to the new 


Editor of the Journal 


William R. Sears 


William R. Sears, FIAS, has been Director of the Graduate School 
of Aeronautical Engineering at Cornell University since 1946. 
Born in Minneapolis in 1913, he was graduated from the University 
of Minnesota in 1934 with a degree in aeronautical engineering and 
earned his Ph.D. at California Institute of Technology in 1938. 
From 1934 to 1939, he was a wind-tunnel assistant, instructor, and 
assistant professor at Caltech. He then joined Northrop Aircraft, 
Inc., as a consulting engineer and was chief aerodynamicist when he 
left the company for Cornell. Dr. Sears is a member of the IAS Meet- 
ings Committee and the Editorial Committee (Aerodynamics) of 
the Journal of the Aeronautical Sciences. He has served as a 
member of the USAF Scientific Advisory Board, the Naval Re- 
a Advisory Board, and the NACA Subcommittee on Fluid 
Mechanics. 


ment for him on the JOURNAL. We accepted his sugges- 
tion with reluctance, but circumstances left us no 
choice. 

Working closely with Dr. Dryden, we have selected 
a new Editor for the JOURNAL. He has been on our 
editorial committees for a long time. 
closely associated with Dr. Dryden on the JOURNAL and 
in many other capacities. He knows most of our staff 
people, and he knows how we work. We all feel that 
the selection of Dr. William Sears of Cornell will pose 
no transitional problems as he takes over the editorship 


He has been 


on January first. 

It is with great reluctance that we accept Hugh Dry- 
den’s resignation, but we speak for the entire member- 
ship in extending to him our thanks for the magnificent 
job he has done with the JOURNAL. He has set and has 
maintained a standard of excellence that will be difficult 
to surpass in the future. 

At the same time, we pledge to Dr. Sears the maxi- 
mum of staff assistance and cooperation as he takes on 
his new assignment. We anticipate a continuation of 
JOURNAL activity on the level at which Dr. Dryden 
has placed it. We look forward to many years of this 
new relationship. ae ae 


This also appeared as an Editorial, Aeronautical Engineering 
Review, pp. 24, 25, December, 1955 
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The Development of Turbulent Boundary 
Lavers 


D. A. SPENCE’ 


Cambridge Unwersity Aeronautics Laboratory 


SUMMARY 


rhe structure of several recently measured sets of velocity pro 
files in quasi-two-dimensional turbulent boundary layers is exam 
ined. It is shown that the inner one-fifth of each profile is well 
represented, independently of pressure gradient, by the universal 
logarithmic law that was observed by Ludwieg and Tillmann.? 
An adequate expression for the velocity in the outer four-fifths of 
the layer is provided by the well-known power law u/U = (y/6)’ 
The significance of the composite type of profile obtained from 
the two laws is discussed in the light of Townsend’s* work on the 
eddy structure of the boundary layer on a flat plate 

lhe logarithmic expression for velocity is substituted into the 
equation of motion at height y = 86 from the surface, at which 
height it is still valid. (@ = momentum thickness With an 
approximation suggested by Schubauer and Klebanoff’s! meas- 


urements for the term that involves shear stress, this leads to an 


equation for the variation of the form parameter y = (1/ l 0 
is a simple function of the usual parameter /7 = 6*/6, and the 
equation could be put into the form 
0dH/dx) = —(60/U)(dH /dx)\o(H + of? W(H 


= skin-friction coefficient This is rather similar to the form 
issumed by von Doenhoff and Tetervin® in their semi-empirical 
investigation in 1943, but cy occupies a different position 

When used with the momentum equation and a skin-friction 
relation, the form parameter equation enables one to calculate 
6, H, cr, and the detailed profile shape. Predictions have been 
found to agree well with experiment. A simple method of step 
by-step integration which does not require knowledge of velocit, 
derivatives is outlined, and the effect of variations in initial con 
ditions can be examined rapidly. The ultimate separation point 
appears to depend rather sensitively on the value of 7 at transi 
tion, but, broadly speaking, the equation predicts separation when 
the external velocity has fallen to between one-half and two 


thirds of its value at transition 


(1) INTRODUCTION 


5 poragngee BOUNDARY LAYERS play a governing 
role in almost all the phenomena of low-speed 
aerodynamics, and attempts to predict their growth 
and separation have been made by many workers in the 
past 20 years. These have for the most part been 
semi-empirical, the underlying turbulent mechanism 
being too complicated for exact analysis in the foresee- 
able future, and despite the work done so far the prob- 
lem remains very formidable. Nevertheless, one is 
now able to select a starting point for a mathematical 
investigation with more physical justification than 

Received September 30, 1954 

* Now at the Royal Aircraft Establishment, Farnborough, 
Hampshire, England 

The author wishes to thank Dr. J. H. Preston for suggesting 
this work and for much valuable advice; he also wishes to thank 
Dr. G. K. Batchelor and Prof. H. B. Squire for helpful discus- 
sions. An earlier version of the paper was presented as Report 
No. 14,162 to the Aeronautical Research Council, July, 1951 


hitherto, in the light of recently reported experimental! 
investigations on different aspects of the problem by 
Schubauer and Klebanoff,' Ludwieg and Tillmann,? and 
Townsend. * 

Ludwieg and Tillmann’s main conclusion was that 
approximately the inner one-fifth of the boundary laver 
(excluding the viscous sublayer) has a velecity profil 
of logarithmic form, independent of pressure gradient 
and characterized by the friction velocity w, Virop 
(7 = skin friction It is shown here that Schubauer 
and Klebanoff’s profiles and others obtained earlier 11 
England by Fage* support this law. They also exhibit 
in the outer four-fifths of the layer, dependence on the 
single form parameter //, as had formerly been suggested 
for the whole of the boundary layer by Gruschwitz 
and by von Doenhoff and Tetervin.’ The fundamental 
work of Townsend on the structure of turbulent shear 
flows provides a physical picture into which one can 
fit the composite form that velocity profiles are now 
seen to have. 

It is shown that by substitution of this form into the 
equation of motion, with a slight further appeal to ex 
periment regarding the distribution of shear stress, an 
equation is obtained for the variation of the form pa 
rameter J] = 6* 9. 
and an expression for skin friction, the momentum 


In conjunction with this equation 


integral equation of von Karman’ may be solved for 
the growth of the thicknesses 6* and @, and the vel 
ocity profiles and separation point can be predicted 


(2) List oF SYMBOLS 


x, ¥ = coordinates parallel and normal to surface it 
plane of free stream 
= mean velocity components in x, y direction 


l = free-stream velocity at edge of boundary layer 
p, I = static pressure inside and at edge of boundary 
layer 

u’*, ut = components of Reynolds stress 
M, p, 3 = viscosity, density, kinematic viscosity 

r, = shear stress, shear stress at wall 
( = local skin-friction coefficient = 7 1/2jpl 

( = friction velocity = (t,/p 


6 = thickness of boundary laver 


e4 - 
it 
5” = displacement thickness = (: ca ) as 
, "ul u 
6 = momentum thickness = ] ;~ ] ay 
0, 2 
- if it ‘ 
€ = energy thickness = [ i (: ss [72 ) ay 


Rg = Reynolds Number based on momentum thick- 


ness = [6/yp 
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oe” = yu,/v, Ou,/y, respectively 
f, F = universal functions for inner and outer parts 


of velocity profile 


fl = 6*/0 = ’ , 
form parameters for velocity profile 

¥ = (u/U) \ 

?, Vv = functions occurring in form parameter equation 

d(/7), Y(77) = functions defined in Eq. (48 

A,B = constants in universal logarithmic velocity 
profile, = 2.5, 5.5, respectively 

k = constant defined in Eq. (32) 

a = constant defined in Eq. (33) 

Z(k, y) = function defined in Eq. (35) 

x(y) = 1.797 (1.22 y)'!-°17 (0.82 — y)-%3 [Eq. (44 

0 = suffix referring to initial values 

9 = momentum thickness calculated with // con 
stant 

g = correction to #” to take account of variation 
in // 

AH = H — Ho 


(3) GENERAL EQUATIONS 


3.1) Equation of Motion 

With the coordinate system defined in Section (2), the 
mean equations of motion and of continuity for steady 
two-dimensional incompressible flow in the boundary 
layer on a wall of (zero or) moderate curvature are 


normally taken as 


U(dU/dx) + 
(1 p) (0 Oy) [u(Ou Oy) 


u(Ou/Ox) + v(Ou Oy) 


pu'v’ | 
= Uldl'/dx) + (1/p)(Or/dy) (1) 
where 
tT = w(Ou/dy) — p n'y! 


is the shear stress, and 


Ou/Ox + Ov/Ov = 0 (2) 
The boundary conditions are u = v = u’v’ = 0 at 
y = 0, u = U(x) at y = Ox). (6 is a function of x 


which depends on the solution. ) 

Quite apart from the complication of nonlinearity, 
these equations are essentially inadequate, since the 
relation between the Reynolds stress —p u'v’ and the 
distribution of mean velocity isunknown. Any phys 
ical assumption on which a mathematical solution 
can be based is ultimately a hypothesis regarding this 


unknown relation. 


3.2) Momentum, Skin-Friction, and Form Parameter 
Equations 
Integrating Eq. (1) with respect to y from 0 to 6, we 
obtain 


d0/dx + (H + 2) (0/U) (dU/dx) = tTy/pU? (3) 
where 0, H/, 7, are as defined in Section (2). This is 
von Karman’s momentum-integral equation. If the 
boundary-layer approximations are refined to take 
account of transverse pressure variations and of the 
Reynolds stress «’? which occurs in the full equations 
of motion, one must add to the right-hand side of Eq. 


(3) the terms 


las Lae 
= mas (P — p) dy, u’? d\ | 
pL" ax Fo lL? dy - 


respectively (where P, p are the static pressures at the 


edge of and inside the boundary layer Except near 
separation or in regions of large surface curvature 
these may safely be neglected. 

Two auxiliary equations between 4, //, and c, ar 
required in the solution of Eq. (5 

a) A skin-friction relation of the type 


cr = (Ry, H 5 

for which Squire and Young® have given the equation 
Cr = 2 (3.59 + 2.56 loc. R, () 
which does not depend on //); and for which Ludwieg 


and Tillmann®? have given the equation 


cr = O246 (10) —-°*" (KR, ee ‘ 


(b) A form parameter relation for the variation of 
HI. Most recent workers have attempted to find such 


a relation in the form 
6(dH/dx) = [—(0/U) (dl dx)] ® V S 


where ® and W depend on // and c, and are both post 
tive. ® represents the tendency of the boundary 
layer toward separation in an adverse pressure gra 
dient, and WV corresponds to flow on a flat plate with 
out pressure gradient. 

Forms for ® and W were found empirically by von 


Doenhoff and Tetervin * 


~p _ e3-68 H —2.975 ba l | 


YW = —2.035 (H — 1.286)e4-8\4—2.975) 


A slight modification of their equation was given later 
by Garner.’ At this stage c; was assumed to depend 
only on R,, but more recently Zaat'’ and Maskell 
have produced modifications that take into account 
the extra dependence of c, on // as found by Ludwieg 
and Tillmann.t 

; Energy Equation 

Another approach due to Tetervin and Lin" uses the energy 


equation 


de 3e dl 2 "9 OF 
- — = a dy 
dx U dx pl? l’ oy 
where ¢ is the energy thickness defined in Section (2 This is 
the second (m = 0, nm = 1) of a series of relations obtained by 


m 


multiplying the equation of motion |Eq. (1)] by y”u”" before 
integrating with respect to y from 0 toé. The first (m7 = n = 0 
is the momentum equation. The assumption of a power law fot 
the velocity profile—which is shown in the next section to be in 
adequate—reduces the energy equation to the form (8) and con 
centrates the remaining empiricism into the integral on the right 
hand side. Tetervin and Lin were unable to find a satisfactory 
expression for 7 from theoretical reasoning, but a form for 
Eq. (8) has since been derived on somewhat similar lines by) 
Rubert and Persh,'® using Schubauer and Klebanoff’s measure 
ments. More recently Rotta’® has also published an energy 
equation method, which like the present paper uses both “inner 
and ‘‘outer’’ laws for velocity distribution, and it appears ver) 


promising 
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DEVELOPMENT OF TURBULENT BOUNDARY LAYERS ) 


The form parameter equations derived by these 
authors give reasonable agreement with the data from 
which they were derived, but one must make two res- 
ervations in regard to their somewhat empirical ap 
proach. Firstly, the forms chosen for ® and W may 
omit parameters that become significant only outside 
the Reynolds Number range covered by the data 
Secondly, too much weight may have been attached to 
the values of /7 which were correlated. The value ob 
tained from a measured velocity profile is fairly sensi 
tive to errors in profile shape, especially when these 
occur close to the wall (where, moreover, measurements 
are least certain In this paper no attempt is made to 
correlate measured values of // and d/7,/ dx, but instead 
the form parameter equation is based on experimental 
knowledge of the velocity profile itself. 


!) VELOCITY PROFILES 


4.1) Functional Form of Profiles 


Turbulent velocity profiles typically show a sharp 
rise close to the wall which gives way abruptly to a 
more gradual rise through the outer four-fifths of the 
boundary layer. It had been argued from their similar 
appearance that they approximate to a one-parameter 
family, which could be written 


u 


= ¥ I] 10) 
[ 6 


F being a universal function common to all boundary 
layers, 0 the momentum thickness (chosen for this rep 
resentation rather than the total thickness 6 because 
its value is more precise), and //7 the form parameter 
6* 6. Other characteristics of the velocity profile 
can of course be used instead of // for the second argu- 
ment of F; in this paper it proves to be more convenient 
in deriving the form parameter equation [Section (5) | 


to use the parameter 


y = (u/U)yo6 = FC, 1) 11 
which was defined by Ludwieg and Tillmann. (A 
similar parameter » = | — y* was used by Gruschwitz 


Recently, however, Clauser*! has obtained results that 
cast some doubt on the universality of Eq. (10). 

Von Doenhoff and Tetervin® and Schubauer and Kle- 
banoff have obtained experimentally sets of curves of 
u/U against /7 for y/6 = 1/2, 1, 2, . which support 
the use of Eq. (10). Both sets of curves have been 
found by the author to agree very closely with the 


power law interpolation. 


u/U = (vy 6 (12 

for which 
6/6 = n/(n + 1) (24 + 1) (13 
Hy = 2a + 1 (14 


» H 1 - 
15) 


y = (77 -— 1)/NU7 + 1)]"” 1 


and the velocity profile in the form (10) becomes 


1/2)(H—1 (16) 


In Fig. | the justification for using the expression (15) 
for y is demonstrated by plotting it against /7 together 
with a large number of experimental valuesof (a / 
Equally good experimental agreement could be shown 
for the corresponding curves with y = 28, 38, 

However Ludwieg and Tillmann’s measurements 
made in the turbulent region closest to the wall show 
that this representation is not adequate for the whole 
boundary layer. They found that profiles just outside 
the laminar sublayer could be written 


B 17) 


uu, = A log (yu, v 


independently of the pressure gradient existing in the 
outside stream. Here u, Vr pis the friction vé 
locity, and the constants A, B have values previously 


observed in the boundary layer on a flat plate~ namely, 


A y Bie B aa IS 


Independent verification of this law from two pub 
lished sets of data is described in Section (4.5 

In the laminar sublayer itself the profile may be 
written 


uu, Vu, Vv 1%) 


since pu,” = w(Ou,Oy)y-». The junction between the 
regions of linear and of logarithmic velocity is given 
approximately by the equation 


* 


uu,=y 2.5 log y* + 5.5 ”20) 


(y* = yu,’v) whose roots are y* O.1, 11.7 rhe 
larger is appropriate since it corresponds to O°” Oy 
Q—1.e., to a region in which the viscous shear stress 
u(Ou Oy is decreasing.T 

In practice the transition from laminar to turbulent 
flow takes place through an intermediate layer in which 
the profile may be expected to be expressible in the 
same functional form as both Eqs. (17) and (19 
namely, 
. 2] 


uu, = f(y 


where / is a universal function. Thus in the inner part 
of the boundary layer there exists a dynamical simi 


larity characterized by conditions at the wall and inde 


pendent of pressure gradient. This is of a different 
kind from the similarity expressed by Eq. (10 Fig 


ure 2 shows several sets of data plotted logarithmically 
in this universal form, and in Fig. 3 the composite 
nature of some velocity profiles obtained by Brebner 
and Bagley'’ is illustrated by plotting experimental 
points together with the “inner” and ‘outer’ analytic 
expressions. The slight discrepancy in the fit in the 
outer part of each profile would be overcome if the 
exponent of the power law were chosen so as to make 
IT for the complete interpolated profile agree with the 


+ This agrees with a criterion given by Fediaveski,” that at 
the outer edge of the laminar sublayver uw and y should correspond 
to a critical Reynolds Number somewhere between 100 and 150 
Taking y* = 11.7, 


“uy/iv = “su, uUrVib big 134 
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experimental value //,,,,-—i.e., if it were slightly higher 


than (1/2) (7.x), — 1) which has been used. 


4.2) Eddy Structure of the Boundary Layer 


A tentative interpretation of the two velocity dis- 
tribution laws [Eqs. (10) and (20)] is possible in the 
light of Townsend’s* model of the flow in a boundary 
layer without longitudinal pressure gradient. The 
turbulent motion in that case falls into eddy systems of 
and increasing wave 


successively diminishing size 


number. From the mean flow energy is transferred to 
the largest system of eddies, which occupies the outer 
part of the boundary layer and is responsible for the 
entrainment of new fluid by which the boundary layer 
spreads. From this system energy is transferred to 
the system the next order of magnitude smaller and so 
on until ultimately it is dissipated close to the wall by 
very small scale eddies. One might guess that in the 
pressure gradient case Eq. (10) describes the velocity 


profile in the part of the boundary layer in which the 
largest scale eddies predominate, since these are most 
directly related to the main flow. U is then an ap- 
propriate representative velocity, and 6 might be 
interpreted as a length scale characteristic of the largest 
eddies. The equation takes account of the upstream 
history of the layer by means of the form parameter 
H, which must therefore play a part in determining 
the geometrical structure of the largest eddy system. 
The universal form of Eq. (20), on the other hand, 
suggests dynamical similarity of the turbulent motion 
in the inner part of the boundary layer, where the 
flow is strongly influenced by the presence of the wall. 
For this region, Townsend found that length scales 
derived from the eddy viscosity and the local turbulent 
intensity were comparable with distance from the wall. 
u, is then an appropriate representative velocity, and 
yu,/v is a measure of dimensionless distance from the 


wall. (uw, is of course indirectly determined by the up- 
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stream history of the layer and, in turn, influences 


indirectly the outer part of the layer further down- 


strealn. 


4.3) Verification of Logarithmic Law in a Pressure 

Gradient 

Two sets of velocity profiles not used by Ludwieg 
and Tillmann have been plotted logarithmically to ex- 
amine the validity of their expression (17) in strong 
pressure gradients. These were obtained (a) by Schu- 
bauer and Klebanoff! in 1950 at the Bureau of Stand- 
ards and (b) by Fage* in 1930 at the National Physical 
Laboratory. In each case it was found that the pro 
files could be well fitted for some distance out from the 
wall, by members of the family of lines 


uw U = (u,/U) $2.5 log [(u,/U) (Uy/v)] + 5.5} (22) 


which is characterized by the single parameter u, 
The results are shown in Figs. 4 and 5, respectively, 
exponential curves corresponding to power law velocity 
distributions in the outer part of the layer also being 
The points closest to the wall in this 
This may 


shown in Fig. 4. 
figure tend to lie above the straight lines. 
be due to the fact that the velocities were not cor- 
the effective 
The meas- 


rected either for the displacement of 
center of the pitot tube or for turbulence. 
urements did not reach into the laminar sublayer since 
the Reynolds Number was above 10’. In Fage’s meas 
urements at a lower Reynolds Number the sublayer 


is easily recognized. 


4.4) Skin Friction 

The examples given in Section (4.3) have shown it 
possible to obtain values for u, lL’, regarded simply as 
a parameter, for which Eq. (22) adequately describes 
However the precise rela- 
to the skin-friction 
well 


the inner velocity profiles. 
tion of the values thus obtained 
coefficient remains to be demonstrated. It is 
established that for boundary layers on flat plates this 


relation 1s 


To = pu,” 


and indeed theoretical arguments have been given to 
explain this in terms of the mixing length / = 0.4y(e.g., 
reference 13). 

However these assume the shear stress to be constant 
across the relevant part of the boundary layer. This 
is certainly not the case when there is a longitudinal 
pressure gradient,? for by putting y = 0 in the equa 


tion of motion (1) we obtain 


» = —pl (dU dx) (24) 


(Or/ OY), 


Nevertheless, the available evidence seems on the 
whole to support the hypothesis that u, is related to 
skin friction by Eq. (23) as before. This would be 


expected from the argument of Section (4.2). The 


Even for a flat plate, if the profile (22) is substituted into the 
equation of motion | Eq. (1)], one finds that 07/Oy is proportional 
to du,/dx, which is always negative. Mixing length theories 
in any case are no longer generally accepted 


ILE 


NT BOUNDARY LAYERS Y 
difficulty in confirming it is that none of the velocity 
profiles were obtained in conjunction with an entirely 
reliable method of measuring skin friction. Ludwieg 
and Tillmann used a heat-transfer method, but direct 
force measurements would be more desirable 

Figures 6 and 7 show the skin friction obtained by 
values which fit the 


together with 


means of Eq. (23) from the u, L 
velocity profiles of references | and 4, 
values obtained (a) by evaluation of the terms on the 
left-hand side of the momentum equation (3), (b 


and 


from 


the skin-friction formulas (6 7), and (¢c) by meas 


urement. 

With the momentum equation, discrepancies occur 
close to separation. Clauser*! has shown that these 
may be due to three-dimensional effects; in addition, 
the extra terms |Eq. (4)] are no longer negligible. The 
Ludwieg-Tillmann formula gives good agreement 
throughout, but the Squire- Young formula, since it has 
no form parameter dependence, does not predict the 
decrease in skin friction close to separation. Of the 
direct measurements, Fage’s (Fig. 7) made with a 
Stanton tube in the sublayer, give good agreement, but 
the measurements in Fig. 6 lie considerably above the 
curves otherwise Klebanoff 


deduced c, by a steep extrapolation from rather scat 


derived. Schubauer and 


tered and probably high measurements of u’v’, some of 
which are shown in Fig. 8, and it seems possible that 
the discrepancy could be completely explained by the 


inherent uncertainties in the method. 


(5) FORM PARAMETER EQUATION 


Using the information on velocity profiles presented 
in the previous section, an equation for the variation 
of the form parameter y in an adverse pressure gradient 
may now be derived by formulating the equation of 
motion at height y = @. At this height the logarithmic 
representation [Eq. (17)] is still valid; the only awk 
ward term is the shear stress gradient (Or Oy), —», but 
this is relatively small and may be dealt with by an 
Kleba 


of —u’'v’. The equation for 4 


approximation suggested by Schubauer and 
noff's measurements 
which is obtained is equivalent to an equation for // 


because of the relation (15). 


Near the wall wu = u, f(y*). Writing for convenience 
df dy* = f’,du,/dx = u,’, 
Ou/Ox = u,’ f + (yu,/v)u,' f' u,’ (f + y* f’) 
Ou/Oy = (u,?/v)f’ 
By continuity Ou Ox = —Ov Oy; moreover v 0 
when y = Oso that 
ey 
v= —u,’ | (f + y* f’) dy 
, ey 
u,v 
-s (f + y* f’) dy* 
u, Ji 


Therefore 
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O Ol oe 
, c Nt. x 
0 Oy 
Integrating the last term by parts and using /(O 0, 


the « xpressit mn reduces to 


u(Ou Ox) + 


* ) 


v(Ou OV uu, f(y 25 
\t height y = @ Eq. (1) thus becomes 


nu, 2a TO" U(dU/dx) + (0 Oy) (7 p 


26 


We now calculate the term on the left-hand side of Eq. 


245). 4*) is found from the relation 
+ u,/ LU’) f(a* 27 
which is obtained by putting y = @in Eq. (21), and ua, 


.. is found by differentiating with respect to x the 


equivalent relation 


1 u. UL) [A log (u,6/v B| »S 
where, as before, A = 95. B = 5.5. Here y’ 
ly dx, 0’ = d0/dx This gives 
( — >’ i" Au, 6’ 
l + + 29 
yU / u a l yl 0 


In practice the term Au, yl | and may be neglected 
in the parentheses on the left. The term 6/6 is found 


irom the momentum equation (3), divided throughout 
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To simplify this equation empirically, two slowly 
varying quantities may be replaced by constants to 
be fitted from experimental results 

a H + 2) increases while u, ‘lL decreases, and we 


write 
HT + 2) A(u,/ 2k 32 
where & is a constant of the order of 0.1 or 0.2. 
b) (0/Oy) [7r/(pl*)],-6 is a small fraction of 
1 ll’) (dU /dx) which is the gradient of 7/(pl at 
y = 0, as may be seen from the shear stress profiles in 


the Schubauer-Klebanoff boundary layer (Fig. 8). 
However as x increases and with it // and the quantity 
l—2y-¥ 
comes a progressively larger fraction of 1/U’) (dl 


, the gradient of 7 pl at vy 4 be- 


dx), and we write empirically 


0 Oy) [7/(pU?) ], all 2ky + U"/t 


where a is a constant to be found from experiment. 


With these approximations Eq. (31) becomes 


| a ( i l - | 7 7’ l ky 7 
-[y/(1 2ky y")] (4/6) (u,/l 4 
Solution of Eq. (34) involves the following function 
Z(k, ¥ l(1+k + (k+ 4 
l k k y 5) 


Differentiating logarithmically 












by 4 1 Z) (dZ/dy 
6° 6 = (16) (vu, U)? — (T+ 2(UU 30 —Al +k 1 2ky y7)] (36 
nd altogether Eq. (26) may be written Thus Eq. (34) may be written 
fy /u, ‘UN 11 l 1 dZ 1 dl 
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eX l l 21 + k Z dx Ll’ dx 
O ( r . , A 4 : 
2 ) 4 ) 
Ov \pl | 2ky yO XC 
006, T r ) 1 r r l ] > 
x=19 5 FT ie X= 21-S FT X= 23:5 FT 
! 
pO 
+ ° ~ + 
74) 
od 
0041 | | re — 7 
| | 
| } 
! 
T = 4 
| ! 
! | 
if 4 _| aa 
| 
! | 
| 
| 
! 1 oo 
° ' 2 3 ¢ 





3 UNS, oe 





Fic. 8. Schubauer-Klebanoff measurements of Reynolds’ stress coefficient — 2u‘v'/u? 








12 JOURNAL OF THE AERONAUT 
2 
8 i. 
ae 
6} re 
JP 
% Ta 
ve 
4 a 








2 2 24 z6 28 30 


H 


Fic. 9. y [q. (15)| and x [Eq. (44)] plotted as functions of /7. 


(5.1) Evaluation of k, a 


At this stage it is convenient to fit the constants R, 
a from experiment. To do this we consider cases in 
which the right-hand side of Eq. (57) is small compared 
with either of the terms on the left-hand side. These 
correspond to cases where the same is true of the mo 
mentum equation (3)—1.e., to strong adverse pressure 
gradients in which the turbulent layer has had some 
distance to develop beyond transition so that | 4 is not 
too large. The solution of Eq. (37) may then be written 


(°"Z = constant (3S 

where 
n = 2(1 + k?) (l—a (39 
The relation (3S) was therefore tested for k 0, 0.05, 


, 0.25 by plotting experimental values of log Z 
(which may be computed as a function of //) against 
log l° for a large amount of data obtained from refer 
ences 1, 5, 6, and 15. For each value of k approxi 
mately parallel lines resulted for all the data in regions 
sufficiently far from transition. The slope of these 
lines gave the power n, which depended on the par 
ticular k. The values ultimately chosen were k = 0.2, 
n 2.4, (a 0.18) although a virtually identical 
result would be obtained from k 0.05, n = 1.8, and 
the latter might, on physical grounds, seem more prob 


able since it corresponds to a > 0. 
5.2) Solution of Eq. (37) with k = 0.2, a = —0.18 

To solve the full Eq. (37), we find A, m such that 
kz” (40) 


y/(1 — 2ky — ¥? 


over the relevant range of //, which is about 1.3 to 
1.8 (y = 0.4 to 0.7). With K = 0.625, m = —5/3, 


) 


Eq. (40) is accurate to within 3 or 4 per cent, and with 


feAe SCIENCES 
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this approximation Eq. (37) may be written (using 


(5/12) (1/Z) (d€Z/dx) + (1/U) (dU /dx 


- 1.328 Z~°"(1/0) (u,/l | 
{ (* Z’” is an integrating factor, and the equation is 
(d/dx) (Ut Zr -5.312(U4/0) (u,/l $2 


Integrating Eq. (42) with respect to x, from a point 
0 where Z = Z, U = Ul, and using a nondimensional 
velocity U = U/U. 


This may be put into a slightly neater form by defining 


a function 


x = 1.797 Z"* = 


1.797 (1.22 + y)!-9" (0.82 «dati 1 
The constant 1.797 has been chosen so that x | when 
IT = 1.4, which is a typical starting value for turbu 


lent boundary-layer calculations. y and y are shown 


as functions of // in Table 1 and in Fig. 9. 


In terms of x, Eq. (43) becomes 


ae 
17.16 } ("") te 15 
e 4 [ 


or, When the integral on the right is small enough 


7 8.58 ¢* U4 /u, 
U2 x = xo - dx 1) 
xv Jo 8 Xl 


In particular for //, 1.4 


Ux 1 — 8.58 | ("") dx (4 
: i] l 


The general form parameter equation [Eq. (45 


or the special form [Eq. (46) or (47) ], may now be solved 
in conjunction with the momentum equation (3) and 
a skin-friction relation to give 6, /7, and c,. In the 
next section a procedure for this solution is described. 

In passing it may be noted that the basic differential 


equation [Eq. (41)] is in fact of the expected form (8), 


TABLE | 

/] x 
1.0 1.000 1.000 

:. J O.855 0.765 

: 2 0. FZ 0.646 0.452 
1.3 0.708 0.555 0.783 
1.4 0.653 0.483 1.000 
1.5 0.604 0.424 1.161 
1.6 0.559 0.370 1.288 
es 0.518 0.326 1.391 
1.8 0.479 0.284 1.477 
1.9 0.448 0.249 1.548 
2.0 0.408 0.217 1.608 
z.3 0.376 0.189 1.660 
es 0.346 0.162 1.703 
2.3 0.318 0.142 1.742 
2.4 0.29] 0. 122 1.769 
2.5 0.267 0.105 1.795 
2 6 0.243 0.089 1.818 
a | 0.222 0.077 1.835 
28 0.202 0.065 1.848 
29 0.184 0.056 1.860 
3.0 0.167 0.048 1.870 
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ince Z may be written as a function of /7 only, and 


sill 


dZ ax (dZ dil (dll dx 


li the functions 


d(T 2.4 Z/(dZ/dH | rr 
oi) = 3.187 2 23 (dZ dH)\ 

ire defined, the equations may be written 

Adil dx) = -(@ lL) (dU dx) |p) — cf "WH 19 


Z is an increasing function of JJ, so dZ dII is positive 


ind @ and Ware positive, as expected. 


6) PROCEDURE FOR NUMERICAL SOLUTION 


For a given velocity distribution the momentum 
equation and Eq. (45), in conjunction with a relation 
for cy form a pair of simultaneous equations. They 
may be solved successively for 6 and //, respectively, 
with any desired accuracy by an iterative process when 
the starting values @, and /J, are given. The momen 
tum equation is first solved with // constant, HT,,. 
f§and u, l’ as obtained from this solution are used to 
calculate the integral in Eq. (45), which leads to the 
variation of x(/7) and therefore of JJ. The correction 
that must be applied to 6 because of the departure of // 
from JJ, in the momentum equation is then found by 

variational method. Repetition of the process is 
unnecessary, since the integral in the form parameter 
equation is strongly convergent and receives almost all 
its contributions from a region where // = JI, very 


closely. 


6.1) Use of Momentum Equation 


Immediately behind transition the three terms of 
the momentum equation [Eq. (3)] are comparable in 
size, and ¢c, must be known accurately in order to cal 
culate @. In this region /7 has values of the same order 
as those encountered on a flat plate (i.e., about // 

}), and the Squire-Young and Ludwieg-Tillmann 
skin-friction formulas, Eqs. (6) and (7), respectively, 
wree with each othcr, but as // rises towards sepa 
ration Eq. (7) gives lower values than Eq. (6). How 
ever it is then no longer necessary to know C¢, very ac 
curately, since it has become much smaller than the 
ther terms in the equation. In fact accuracy 1s gained 
rather than lost by using a formula that overestimates 
skin friction, since this partly compensates for leaving 
out the pressure gradient and w’* terms which are no 
longer negligible. For this reason the Squire-Young 
formula has been used for the present calculation.t 


he author has since found that extremely accurate values 


f # are given by the simpler formula 


la ea 
al ( ) — const. + 0.0106 f l* dx 
his is obtained by taking 1,,./pl 0.00883 (U0/s - which 


fits the Squire-Young formula very closely, and // constant 


1.5, in the momentum equation. A similar formula, with slightly 


different constants, was obtained empirically in reference 11 
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Suppose that solving the momentum equation with 


constant /7 = Hy gives a value 6’. Then 


dé dx) + (I) + 2) (0 l dl’ /dx 


where 7, (pl) is a function of 16° ‘py. 


The solution of Eq. (50) is 


gopher? = g, 4 


Jo pl 


H 2 dx (51 


6'' may readily be obtained stepwise from this equa 
tion, splitting the range into intervals x; to x;., (not 


necessarily equal) and evaluating the integral as 


] l - dx Bz 


pl 


where [7,, (pU*)]; is the mean value of the (slowly 
varying) function over an interval, estimated from the 
preceding step and subsequently adjusted if necessary. 
Except at the beginning of the calculation large steps 
may be used (e.g., 0.05 & the chord of an airfoil). 

Now suppose 6 = @ 7 OG where 6 =v", a 
the solution of the momentum equation when the cor 
rect /] = Hy) + AH, say, is used. The momentum 


equation, Eq. (3), may then be written 


(d dx) (0° + 6 + (A/T + JI, + 2) X 


ty] + 6 l dl’ dx T pl 3 
Tr/(pl being in this case a function of l(@ | 
6 v. But this function varies slowly and is almost 


the same as the right-hand side of Eq. (50). 
Thus, equating the left-hand side of Eq. (50) to the 


left-hand side of Eq. (53), 


(dA dx ie (7, i no (@ l dl dx 
~AHI(0 1 @ U| (dU/dx) = 
_ Al] 4 [ dl’ dx ot 
A 0, therefore 
. 
a> UF OVA d (U" 55 
My + 2J, 


The integral here is again evaluated as a Riemann sum 


] 
Hy + ody HAIL, (UE 


namely, 


ob 


where 6‘ and A//; are mean values. We find in actual 
calculations that the assumption @° < @" is’ well 
A higher approximation could now be ob 


55) in the 


justified. 
tained by including6é‘”’ obtained from Eq. 
right-hand side of Eq. (54), but this is scarcely neces 
sary 

The integration just outlined has the advantage of 
not involving velocity derivatives, which are difficult to 


obtain accurately. 


6.2) Transition Conditions 


The theory of this paper is applicable only to bound 
ary layers in which the turbulence is fully developed. 
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Qn an airfoil transition to this state from that of purely 
laminar flow occupies a finite region and may be brought 
about in several ways, notably (a) by free transition, 
in which a disturbance—either inherent in the laminar 
boundary layer or arising from the surface or the out- 
side stream-—is amplified, or (b) by ‘“‘bubble”’ transi- 
tion, in which the laminar layer separates and subse- 
quently breaks down, reattaching when it is fully tur- 
bulent. 

Unfortunately there is no hope at present of pre- 
dicting the transitional flow with any precision, and 
one can only proceed on the assumption of abrupt 
transition. In this case 6 is continuous, and for 6) we use 
the laminar flow value, as calculated, for instance, from 
the Thwaites'* formula 


67> = 0.457 U f l?* dx oe 


The calculated distribution of 6 in the turbulent 
layer is relatively insensitive to 6) except very close to 
the starting point, and good agreement with experi- 
ment is invariably achieved, even when the location of 
transition is a little uncertain. The choice of /J) is 
more difficult. 
distribution of /7 to depend rather sensitively on the 
initial value, and indeed this is not surprising on phys- 


Experience has shown the calculated 


ical grounds. It is also fairly sensitive to the exact 
location of transition. At high Reynolds Numbers a 
laminar boundary layer cannot advance far against an 
adverse pressure gradient, and the best assumption to 
make in the absence of more precise information would 
seem to be that transition occurs at the point of maxi- 
mum velocity. 

The criterion in selecting //, is then that it should lead 
to the correct values of /7 some distance downstream 
when the boundary-layer calculation is begun at the 
assumed transition point. Thus inaccuracy in locating 
the transition position is to some extent compensated 
by the choice of //). For all the available data in refer- 
ences 5, 6, 12, 15, and 16 for airfoils on which one would 
expect free transition to occur—i.e., on relatively thick 
airfoils or on thin airfoils at low incidence—the value 


served distributions of /7. For thin airfoils at high 
incidences, when the transition is predominantly of 
type (b), it seems likely from an examination of th 
data in reference 15 that a smaller value of //) than 1.4 
must be used. (This might be expected from consider 
ation of the velocity profiles in a turbulent jet from 
which the boundary layer is then formed.) However, 
insufficient evidence is available as yet from which to 
select a value for JJ); and the value chosen is likely to 
be affected by a change in the assumed transition point. 
In this case the laminar separation point seems more 
appropriate than the velocity peak. 


6.3) Separation 


The presence of a form parameter factor, given by 
the authors either as 10~° 8” or as y':, in the Lud 
wieg-Tillmann skin-friction formula indicates a rapid 
decrease in c, as // increases (1.e., as y decreases) which 
ultimately results in separation. yy!" is shown as a 
function of // in Table 1. 
0.S as a separation criterion; this corresponds to // = 2 


Gruschwitz’ gave | 7 


It now seems likely that separation always takes place 
within the range 2.0 < JI < 2:8. 
be defined more precisely, but a comparatively narrow 


The criterion cannot 


range of x corresponds to this range of HZ because of 
the steep gradient d// dx at high H/, which is found 
experimentally and in calculations using Eq. (45). 


6.4) Comparison of Results with Experiment and with 
Reference 6 
The result of applying the calculation method to two 
interesting cases is shown in Figs. 10 and 11. For the 
NACA 65(216)-222 airfoil shown in Fig. 10 the agree- 


ment is very satisfactory. Equally good results were 
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obtained by von Doenhoff and Tetervin,®’ but their 
computation was a great deal more laborious than the 
present in which only 24 steps were used. 

- Figure 11 shows the results of applying both meth- 
ids to the calculation of // for the airfoil of reference 1. 
Here the solution of Eq. (45) agrees very well with the 
expr rimental points, whereas von Doenhoff and Teter- 
vin's equation predicts separation considerably further 
forward. The approximate solution given by Eq. (3S 
has been calculated also and lies midway between the 


other two curves. 


6.5\ Reynolds Number Dependence of Solutions 


On an airfoil with a prescribed distribution of (fall 
ing) velocity and a fixed transition point increase of 
Reynolds Number has the effect at each x of decreasing 
el }*. 
Because of the negative power of 7, pU* occurring in 
the coefficient ® when Doenhoff and 
equation is written in the form (9), the equation then 


4, increasing R,, and therefore decreasing 1, 


von Tetervin's 
predicts more rapid growth of // and forward move 
ment of separation with increasing Reynolds Number. 
[his is the opposite of what would be expected but ex- 
plains why the equation predicts separation too far 
forward on the Schubauer-Klebanoff airfoil where the 
Reynolds Number of 1.4 X 10’ was well outside the 
The 


present method predicts a decrease in the growth of 


range of the data used in deriving the equation. 


H as Reynolds Number increases, the correcting inte 
gral in Eq. (45) becoming larger with decreasing 6. 


(7) CONCLUSIONS 


1) Further confirmation has been found for Lud 
wieg and Tillmann’s result that close to a wall velocity 


profiles are of the universal form 
uu, f(vu, v (2) 


2) von Doenhoff and Tetervin’s statement that 
profiles form a one-parameter family is approximately 
true in the outer part of the boundary layer but must 
be qualified by the fact that Eq. (21) holds close to the 
wall. When the form skin-friction 


coefficient are known, the entire profile may be con 


parameter and 
structed exactly. 

3) An equation for the growth of the form param- 
eter was derived in Section (5) with little further appeal 
to experiment. This predicts boundary-layer growths 
in good agreement with experiment in the cases tried, 
and, since its functional form was derived theoretically, 
itis a suitable basis into which empirical refinements 
might be introduced as more experimental information 
becomes available. 

1) In Section (6) a simple numerical method was 
outlined for integrating the equations without using 
velocity derivatives, which tend to introduce errors. 
The method enables one to examine rapidly the effect of 
variations in the initial conditions and in particular it is 
found that: 

(a) Asa general rule, the separation of the boundary 
layer is produced by the rise in pressure beyond the 
transition point and occurs when (L’s/ Uy)* is somewhere 


between 1/3 and 1/2. (Here S, 7 refer to separatio: 
and transition, respectively. 
(b) Nevertheless the separation 


fairly sensitively on the value of // at transition. 


depends 
Th 
best value for this which can be suggested at present 
is 1.4. 

(c) Increase in 


position 


overall Reynolds Number should 


delay separation in an adverse gradient. 
the Doenhoff-Tetervin 


The opposite 
of this is predicted by von 
theory. 

(d) Increase in the initial thickness of the boundary 
laver should bring separation forward 
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Interaction of a Shock Wave with a Thermal 
Boundary Laver’ 


WAYLAND C. GRIFFITH? 


Princeton Unwersity 


ABSTRACT 


The interaction of a plane shock wave with a thermal boundary 
layer has been studied experimentally in the shock tube and a 
theory developed for those cases in which the shock is sufficiently 
strong and the heating small enough for the shock to extend clear 
to the surface, The experiment involves a technique of sliding 
a hot plate into the shock tube just before the shock arrives 
The time required for establishment of steady conditions has been 
determined and the theory tested with experiments using shocks 
up to a pressure ratio of 1.36 and surface temperatures up to 
80°C 
tion along the surface agree well with predictions 


The observed shape of the shock and pressure distribu 
When the 
speed of sound at the surface exceeds the shock velocity, pressure 
disturbances propagate ahead of the main wave and the total 
pressure rise extends over about two heated thicknesses. Finally, 
the possibility of extending the experimental results to more ex 
treme conditions by an analogy with diffusion of gases is discussed 


INTRODUCTION 


A PLANE SHOCK WAVE sweeping over a heated sur- 
face will encounter a thermal layer which dis- 
turbs the foot of the shock and thereby modifies the 
pressure distribution along the surface. Such a situ- 
ation may be realized experimentally in the shock 
tube. If the air ahead of the shock is at rest relative 
to the surface, then viscous forces will probably have 
little effect on the flow initially, and the analytical 
problem becomes somewhat simpler than the shock 
boundary-layer interaction commonly encountered in a 
wind tunnel. 

For flows in which the air temperature varies only 
with distance from the surface two types of steady flow 
can be distinguished depending on whether the shock 
extends all the way to the surface or not. When the 
shock velocity Ll’, is greater than the speed of sound at 
the surface, the shock can reach the plate. When l’ 
is less than the local sound speed at the surface, on 
the other hand, the shock must vanish before reaching 
the plate and signals may propagate upstream ahead 
of the main wave in a manner similar to that observed 
with a laminar boundary layer. 
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both 
thos. 


This paper presents experimental results on 
types of flow and a theoretical treatment for 
cases in which the amount of warming 1s rather small 
so that the shock is only slightly disturbed from its 
normal position. A linearized theory is developed, 
based on a method originated by Lighthill,! from which 
the shape of the shock and the flow field may be found 
The problem is also closely related to several recent 
investigations on the interaction of sound and vorticity 
with a plane shock wave.” * * It has been found that 
the arrival of either small acoustic or shear waves at a 
plane shock produces both kinds of disturbance in the 
air downstream. 


is imagined in which an enthalpy gradient generated by 


In the present problem a steady state 


heating is convected through the shock, no sound waves 


being produced. 


THEORY FOR SMALL AMOUNTS OF HEATING 


The physical situation to be investigated is shown 
in Fig. 1. For convenience a coordinate system moving 
with the shock will be adopted so that the incoming 
flow has the constant velocity l’; equal to the shock ve 
locity LU’ 
T(y). The x- 
undisturbed shock, respectively. 


and an arbitrary temperature distribution 
y-axes lie along the surface and 
The 
position resulting from the thermal layer is denoted by 
B(y). The subscript 2 will be used to identify the 
downstream value of pressure P, density R, velocity 


and 


actual shock 


components L’, IV’, and speed of sound A which would 
We shall see that 
this state actually exists beyond about three thicknesses 
from the surface. Behind the curved portion of the 
shock the flow variables become P, + p, Ry + op, 
U>+ u,v, and A, + a. 


Following Lighthill’s treatment the two-dimensional 


result in the absence of any heating. 


nonviscous steady flow equations expressing conserva- 


tion of mass, momentum, and energy are, for an ideal 


gas, 
fe) ; 
RU + RV = 0 
Ox Oy 
me: 9 me 0 oP 
Rl + RI + = 0, 
Ox Oy Ox 
OV ron oP 
Rl + RI + =) @ 
Oy Oy 
_OP _oP .f OR _OR 
J J = Ai [ + | (3 
Ox oy Ox Oy 
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lf the perturbations p, p, etc., are assumed to be small 
when the heating is small, Eqs. (1) to (3) are greatly 
simplified. Elimination of p and u in favor of p and 
vyields 


1 — M,*) (Op/Ox) = R2U 2 (Ov/Oy (4) 


Op/dvy = —RU,2(0v/O0x) (5 


[These may be written in the form of the Cauchy- 
Riemann relations if a set of reduced coordinates are 


used. Let 


Then 
— (Ov* ‘Ox*) 


(7 


Op*/Ox* = Aw*/Oy*, Op*/dy* = 


Therefore p* and v* are derivable from a_ potential 


o(x*, y*) such that 
p* = O¢ Ox, v* = 0¢/Ov (8) 


A solution to Laplace’s equation must now be chosen 
which will satisfy the boundary conditions along the 
shock and at the surface. The pressure immediately 
behind the shock may be determined from the appro- 
priate shock wave equation since the state of the gas 
upstream is completely specified by P;, Ui, and 7(y). 
According to the initial assumptions 7(y) may be 
written 


T(y) = 7,[{1 + T’(y)], T’ <1 (9) 


The local Mach Number of the incoming flow becomes 


(10) 


M = M, (1 — T’/2) 


It is understood that even for weak shocks .\J must be 
greater than one everywhere so that a shock can exist. 


The pressure ratio across a shock is 


[2y.M? cos? « — (y — 1))/(y + 1) (11) 


P/P, = 


where o is the angle between the flow and the normal 
to the shock. Ignoring the effect of the slight incli- 
nation of the shock and using Eq. (10) one finds 


a 1) |JPi.W,°T'(y), x 2=6 (123) 


p = —([27/(9 


In the course of the solution this condition will be ap- 
plied on the y-axis rather than on the actual shock. 
Presumably a correction to the result thus obtained 
could be made, but in view of the success of the simple 
theory such an extension seems unnecessary. 

The second requirement on the flow solution is that 
the vertical velocity component vanishes at the sur- 
face. The boundary conditions to be met are there- 
fore given by Eqs. (12) and (13). 


y=0 (13) 


A distribution of sources of strength g(y) 


y-axis provides the necessary change in the basic flow 


so the potential function is taken to be 


along the 


l r. 
= ret | g(n) In [x** + (y — n)?]dn (14 


Flow parallel to the surface at y = O is assured if an 
image flow is added in the lower half plane with g(—y 
This gives for the reduced pressure 


= g(y 
g(y). 


g(n)x*dn 


“J 
TJ —o x**? + (y — 7)? 


Along the y-axis this expression reduces to p*(0, y 
g(y)—-1.e., the source distribution is directly propor- 
tional to the excess temperature in the thermal layer. 


p* = 


The actual pressure change is found from Eqs. (6) and 
(12) to be 
i 1’ (n)d 
p = —[2y/r(y + 1))PiMix* a 
. ve? + (y — 7 
(16 


Since the experimental arrangement described later 
makes use of a Mach-Zehnder interferometer, data are 
obtained on the density field rather than the pressure 
field. Variations from the uniform state in region 2 will 
result both from distortion of the shock and directly 
from the initial heating. According to the second law 


of thermodynamics 
ds = [Cy pldp — [C,/pldp (17 
so that in first approximation 


p/R. = p/yP2 — (S — S2)/C, (18) 
Here S — S» is the entropy change from heating plus 
the difference between the entropy rise through the in- 
clined shock and through the undisturbed shock. The 
latter difference is small compared to the effect of heat 
ing and may be safely omitted in the remainder of this 
work.t Accordingly, Eq. (18) becomes 


p = R: [p/yP: — T'(y)] (19) 
An equation for the actual shock position B(y) may 
be obtained from the vertical velocity component v at 
v = 0. Consider a segment of the shock inclined at an 
angle o to the vertical where the flow is deflected through 
an angle @ as shown in Fig. 2. Since only the com- 
ponent of velocity normal to the shock is altered by the 
shock, the angle o must be given by 
o = v0(0, y)/[(Ui — V2 — u(0, y)] (20) 
and @ is 


6 = v(0, y)/[U2 + u(0, y)] (21) 
The two angles are related by the shock wave relation 


t The fact that the entropy change across an inclined portion 
of the shock and that across the straight part differ by a negli 
gible amount for the conditions postulated here follows from 
consideration of the dependence of entropy rise upon shock in 
clination, o (defined in Fig. 2). Since S S In (p2/pi) 4+ 
+ In (p2/p;) and each of these terms varies as ./? cos? o, the effect 
of shock inclination will be of second order in o when @ is small, 


so that 


cos? ¢ = 1 o* + 
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tan 6/tan o = [.\J° cos? o — 1] + 
| M2[(1 2) (y + 1) — cos? o] + 1 (22) 


For small deflections it is possible to show with the use 
of Eq. (10) that 


u(O, vy) = [2Ui/(y + 1)M,7] T’(y) 23) 
and therefore u may be omitted from Eq. (20) for 
o whenever the shock is strong enough for 1/,;° — 1 > 


7”. Finally, B(y) is given by 


. ; 
[ owy i, = 54 v(0, y)dy = 


U, 
(Uy — U2) M, 


B(y) — 


¢(0, vy) + const. (24) 


This result completes the formal development of the 
linearized theory, since the only remaining information 
needed to compare predictions with experiment is the 
initial temperature distribution 7(y). This may be 
computed from the theory of heat conduction if the 
initial conditions are known, and the calculated values 
can be checked experimentally with the interferometer. 


EXPERIMENTAL TECHNIQUE 


The shock tube is well suited for experiments of the 
sort needed in a study of the interaction of a shock wave 
and a purely thermal layer. Since the principles in the 
theory and operation of the shock tube are doubtless 
familiar by now, only those special features of the 
Princeton tube which are pertinent to this study will be 
described. In all of the experiments reported here the 
downstream section, or channel, was open to the atmos- 
phere and the chamber pumped up to some higher 
pressure. 

The most satisfactory method found for generating a 
thermal layer has been to preheat a steel plate and 
slide it into the test section just before the tube is fired.T 
For moderate temperatures immersing the plate in a 
tray of hot water gives good results. Some heat escapes 
in wiping the plate dry and passing it into the dark house 
but reproducible results are achieved with careful 
timing. Ina typical run with the plate initially at 100° 
C. a temperature of SO°C. was measured in the gas 
at the surface from the interferogram. A low surface 
heat-transfer coefficient might also be significant in 
accounting for this diminution in temperature. 

A plate 1/2 in. by 4 in. by 24 in. was bevelled at one 
end so that part of the incident shock could be sliced 
off and advance undisturbed except by the thermal 
A sketch of the test section with the plate fully 
For experiments with 


layer. 
inserted is shown in Fig. 3. 
heated plates the test surface faces down so that strong 
convection currents are not set up, while for cooled 
plates the test surface is put in facing up. Some of the 
warm air flows around the tip of the wedge but the 
velocities are rather small and little air escapes. At 


+ This technique was first used in this laboratory by D. R. 
White and Walker Bleakney, who heated the plate with a blow- 


torch 


AL SCIE 


NCES JANUARY, 1956 
the back the mounting block for the guides acts as a 
dam so that no convection occurs. 

Once the hot plate is in place the gas is warm 
largely by heat conduction. Since the heat capacii 
of steel is enormous compared to that of air it is likely 
that the plate temperature changes very little during 
the interval before the shock arrives. Accordingly, th 
transient one-dimensional heat flow solution for con 
duction from a surface at constant temperature 7°, into 
a semi-infinite medium initially at 7) should give 
good approximation to the actual temperature dis 
The solution is expressed in terms of th 


*v/V4Kt 
VT ¢ az 


tribution. 
error integral. 


Cf = 7; 2. == 24) = ] - 2 
1 — erf(y/V4Kt) (25 


The thermal diffusivity A is 0.03 in.*/see. for air 
Taking the quantity V 4A¢ as a characteristic length 
¥ in the heated region, one finds that for y) = 3 4 in 
the time required is ~ 5sec. This is a reasonable inter 
val with which to work. 

Before the tube is actually fired a sequence timer 
turns on a number of circuits involved in measuring 
the shock speed and obtaining the interferogram. One 
minute elapses between the instant when a_ switch 
starts the timer and a signal light goes on indicating 
that the tube is ready to fire. 
lamp goes on the camera shutter opens with a loud 
click. 
the dark house to slide the hot plate, which he has 


Six seconds before the 
This click is used as the signal for the man in 


just received through a slit from outside the house, 
into the shock tube. Then there is enough time to 
jump back and cover the ears. The plate must be re- 
moved soon after the experiment is over because ther- 
mal stresses produced in the observation windows create 
a spurious fringe shift. 

A test of the assumptions leading to Eq. (25) is made 
in Fig. 4+ by plotting the relative temperature rise 
against distance from the surface for four different plate 
temperatures. Since no attempt was made to measure 
the time of heating accurately the curves are fitted 
at (7 — 7,) (7, — 71) = 1 2 and yp) computed accord- 
ingly. The resulting times agree as well as expected 
with the estimated intervals during the actual experi- 
ments. The shape of the experimental distribution 
agrees well with the error function so y) can be chosen 
as the unit of distance. It serves as a very handy 
measure of the actual thickness of the thermal layer. 
Values of (7. — 7))/(Ty — 7) at (1/2), yo, and 2 are 
0.4795, 0.1573, and 0.0047, respectively. The energy 
conducted beyond 2y) amounts to less than 1 ‘4 per 
cent of the total and may be safely omitted from nu- 


merical calculations. 


COMPARISON OF THEORY AND EXPERIMENT 


A series of interferograms have been obtained for a 
variety of temperatures and heating times with shock 


strengths of P2/P,; = 1.17, 1.30, and 1.36. Fig. 9 
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Fic. | Nomenclature used in describing the thermal layer 


ind flow field for a coordinate system moving with the shock 
wave The initial temperature is assumed to vary only with 4 
and the pressure to be constant everywhere. The subscripts 
nd 2 refer to conditions before and behind the undisturbed 
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shock far from the surface 

















c ¥ 
~~) 
Cc 
« ] 
V a 
« _ < + a td 
U U2 U, 
V \ 
\ 
\ 
iG. 2. Geometry of flow through an inclined portion of the 
shock 
/ 
HOT PLATE ) 
+ » a IO J 7 we 4, 
a a 
GUIDES ~ ed SHOCK 
| 
_ 
Fic. 3. Test section of the shock tube showing location of the 
plate for an experiment in which the shock travels about 6 in., 


r Sy), before the interferogram is taken. For a heated plate the 
xperiment is conducted on the bottom surface to avoid the ef 
lects of convection 
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as a function of distance y from the surface for several different 
plate temperatures The solid curve is the error function of Eq 
(25 The experimental data are matched at (7 T\)/(7 

7\) = 1/2 and the actual distributions are seen to be very clos« 


to the curve 
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12 traveling 


Interferogram showing a shock of 14, = 1 
to the right over a thermal layer in which 7, — 7) = 20.7°C 


Fie. 5. 


The distance yp is actually 0.38 in. The crowding of fringes in 
the thermal layer ahead of the shock and the asymptotic ap 
proach to parallel flow behind are clearly discernible 
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shows the fringe pattern when P,/ P; = 1.297 and 7, 
T, = 20.7°C. The shape of the shock wave and the 
density along the surface are especially convenient 
properties to compare with the theory. To be sure 
that the pattern observed is actually a steady one a 
set of pictures were taken with the plate inserted vari- 
ous distances into the tube. It appears that after the 
shock travels about ten yo no further changes in the 
flow occur. Usually y) was around 3/4 in. and the 
tip of the plate 14 in., or 20 yo, beyond the point of ob- 
servation. 

Some simplification in the numerical work is achieved 
by replacing the distribution of Eq. (25) with a function 
that is explicitly integrable. The parabola 


7’(y) = (7,,/7; — 1) (1 — y/1.6dy0)? (26 


Y) para 
matches the error integral very closely as may be seen 
in Fig. 6. To test the sensitivity of the predicted value 
to the form of the temperature distribution a linear 
variation possessing the same total energy will also be 
included in the calculations 


VT" (Wtin (T/T, — 1) A — y/1.10y0) (27) 


The shape of the shock wave is, from Eqs. (14), 
(24), and (26), 


1” f pret o- Ps 
ites x mv 2! : Met (7 -1)x 
. (vy + 1) (V1 — Us) NI 


+ 1.6590 ” 9 
i LF 165 In (y — n)dn + const. (28) 
e 1.6590 1.6950 ? 


The upper sign must be used for 7 > 0 and the lower 
sign for 7 < 0. In terms of the reduced variable y’ = 


y/1.65yo the integral gives 


2U,V 1 — M-? (7° _ \) L.65vw X 
myt+t1)(,— U2) 7) : 


|: (1 + y’)? In (1 + y’) + : 


B(y) = 


(1 — y’)*?X 


) 
») 


l 
In jl — y’| — 2v'(; + In ’) | (29) 


The additive constant has been chosen to make B(Q) = 
0. The shock is perpendicular to the surface at vy = 0 
since the existence of a temperature gradient upstream 
does not affect the local requirement of outflow parallel 
to the surface. As y—~ ~, B(y) « In y, a familiar fea- 
ture of a linearized theory. Fig. 7 shows the predicted 
values from the parabolic and linear temperature dis- 
tributions and the results of several experimental ob- 
servations. The x-dimension in physical space has 
been expanded relative to the y-dimension to bring out 
more clearly any departure from the theory that may 
exist. The parabolic and linear temperature dis- 
tributions give shock shapes which are almost indis- 
tinguishable. A cubic equation for 7” shows no signifi- 
cant departure from these results either. One may 
conclude that the shock shape is relatively insensitive 
to changes in the profile of the thermal layer. 

The experimental results include three runs with 
a cooled layer as well as several when the plate was 


heated. For the smaller amounts of heating, 7), 7 
1 < 0.07, good agreement is found with the theory for 
all three shock strengths. More heating produces 
greater deflection of the shock as may be seen from the 
results for P./P, = 1.17 and 7,,/7, — 120.11. Re 
calling the assumption made in deriving Eq. (24) for 
B(y) that 17,7 — 1 > 7”, such an increase in the ob 
served deflection is reasonable. As long as J/,2 — 
| > 27” we may conclude that the first-order theory 
for the shock location serves very well. . 
The theoretical pressure distribution is found from 
Eqs. (16) and (26): 


p= —[2y/ay + DIMEPT eT, — DI x*, y) (30 


Along the surface integration gives 


x *F? 
lin 0) = 2] — [tan 
(1.65¥09)* 
jy [ 5ye\ ] j 
[2x* /1.65y0]51n} 1 + —— Fi = |] 32 
cit idle ee f 


Since the same integral / appears in the formula for 
density a convenient check on the theory is made 
by comparing the calculated value of J with that from 
A question arises over 


analysis of the interferograms. 

choice of the origin in this case. 
that the y-axis in the theory should coincide with the 
undisturbed shock or that the point x = 0, vy = O in the 
theory should coincide with the actual foot of the shock 
With either choice it is clear that some part of the flow 
field will not match in this first-order theory and the 


One can argue either 


immediate problem becomes one of making the most 
useful choice. For comparing surface pressures only, 
the second alternative seems more logical and Fig. S is 
plotted accordingly. An interesting conclusion is 
that the disturbed region extends only about two heated 
thicknesses downstream even for shocks of pressure 
ratio 1.36. As in the case of the shock shape very 
little difference was noted between the predictions of 

the parabolic and linear temperature distributions. 
The entire pressure field has been computed for the 
linear case and a contour plot is shown at the right 
in Fig. 9. The numbers on the contours are values of 
the integral J in Eq. (30), they apply whenever the 
original assumptions are valid so that an affine trans 
formation of the x-coordinate by the factor V1 — J; 
gives the theoretical flow field for all such cases. The 
scale in Fig. 9 has been chosen to fit the particular 
case when P:/P; = 1.36, so that the result can be 
easily compared with one of the experiments used in 
Figs. 7 and 8. The drawing on the left was obtained 
from an interferogram in which (7), 7; — 1) = —0O.067. 
CASES WHERE THE SHOCK IS SEPARATED FROM THI 
SURFACE : 


So far the discussion has dealt exclusively with cases 
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Fic. 7. Comparison of theory and experiment for the shape of 
the shock wave B(y). The x-coordinate includes a dimensionless 
scale factor which should make all shocks identical according to 
the theory. Little difference exists between the shape predicted 
Irom the parabolic distribution and that from a linear distribu 
tion. Experimental data for 7/7) — 1 < 0.07, M 1.07 show 
satisfactory agreement with theory while greater heating at the 
same shock strength produces relatively more distortion of the 
se The theory is therefore reliable so long as M,? > 2[(7 
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Fic. 10. 
layer is so hot that the shock does not extend all the way to the 


Interferogram of the interaction when the thermal 


surface. The shock strength is P2/P; = 1.169; 7, T,; = 58.5 
C. The surface pressure distribution for this picture is given by 
the triangles in Fig. 11 





for which the shock is strong enough to extend clear 
to the wall—i.e., 17,° > 7),/7). When this condition 
no longer holds, flow at the wall becomes subsonic rela 
tive to the shock and pressure disturbances propagate 


ahead of the main wave. Fig. 10 shows an example of 


such a situation. A shock of strength P,P; = 1.169 
(Mach Number 1.070) is seen sweeping over a thermal 
layer whose maximum temperature 7), — 7) = 58.5°C, 


A sequence of pictures, of which Fig. 10 is one, taken 
after the shock traveled different distances along the 
plate, shows that a steady pattern exists here also. 
This may seem rather surprising in view of the fact 
that the entire field is influenced by any acoustic signal. 
Nevertheless, some damping mechanism apparently 
acts with great rapidity to establish the steady flow 
pattern. The approach to equilibrium can be followed 
by studying just the pressure distribution along the 
plate, since attainment of a steady surface pressure 
understandably is observed to be accompanied by 
steady conditions everywhere. Fig. 11 is a graph of 
surface pressure when a shock of JJ = 1.070 has ad 
vanced various distances from the leading edge of the 
plate. These distances are 0, 1.Syo, 6.50, 14.6%, 220, 
and 30y). The shock decays very rapidly at first and 
a continuous compression takes its place. As time goes 
by the front broadens to about 2y) and approximately 
half the total pressure rise occurs at a constant gradient 
of dp x = (P» ~- P;) Va. 


the absence of any detectable signal upstream of . = 


An unexpected feature is 


0.9v) and the sharp rise thereafter. 

The shock appears to vanish at 1.55y) from the sur 
face. The distance at which the shock velocity just 
equals the local speed of sound in the undisturbed ther 
mal layer is only 0.24y, indicating that the air has 
already been set in motion at least 1.55y) from the sur- 
face before the shock arrives. Experiments under a 
variety of conditions suggest that the features observed 
here are common to all such interactions with moderate 
shock strengths and heating. 

No theoretical solution has been worked out for the 
configuration just described. The problem is consider- 
ably more difficult than that attempted in the first part 
of this paper because of the mixed subsonic and super- 
sonic flows. The methods of transonic small disturb 
ance theory could be applied but the limitation to both 
weak shocks and small heating might reduce the value 
of the solution in relation to the work involved. As 
will be pointed out in the following section, quite 
different effects may be anticipated under more ex 


treme conditions than those discussed so far. 


DISCUSSION 


A study of the interaction of very strong shocks with 


thermal layers having a temperature rise of a 100°C. or 
more offers a logical continuation of the present work. 
Hess’ has discussed some of the general features of the 
flow one might expect to encounter. If, for example, 
the stagnation pressure of the air in the thermal layer 
is less than the pressure behind the undisturbed shock 
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Fic. 11. Surface pressures on a plate (for the same conditions 
as those in Fig. 10) showing the approach to a steady distributio1 
as the shock proceeds. The distance s is measured from the ti 
of the plate to the undisturbed shock 


wave, then steady flow of the type discussed so far is 
impossible. The warm air must pile up somehow be- 
hind the foot of the shock in an ever-increasing vol 
ume. Hess points out that a quasi-stationary situation 
may arise under certain conditions. Suppose that the 
thermal layer is semi-infinite in extent so that the 
interaction begins at a definite instant. Transient 
effects certainly predominate initially, but after a long 
time the bubble of dead air will have a volume pro- 
portional to the length of hot air enveloped by the 
shock and therefore a linear dimension proportional 
to the square root of the time. A quasi-stationary 
pattern may thus appear. A small region at the front 
of the bubble must be excluded, since the thickness of 
the layer is assumed to be constant with time. 

The locus of points in the 7),/7) vs. JJ, plane, for 
which the pressure behind the undisturbed shock just 
equals the stagnation pressure of the gas in the thermal 
layer, is found by equating the pressure rise across a 
shock of Mach Number J/; to that in a deceleration 
from velocity l and temperature 7), to rest. A few 
values are given in Table | for 7 1.4. The maximum 
Mach Number for which a steady flow is possible with 
the shock detached from the surface is 1.328. Stronger 
shocks either extend to the surface or form bubbles, 
Likewise, 


depending on the surface temperature. 
steady interactions of the type investigated earlier may 
be expected only for temperature ratios below 1.765. 
The experimental technique devised for the mod- 
erate temperatures and pressures used so far seems to 
be unsuitable for investigation of the stagnation re- 
gion. Some difficulty arises in protecting the observa- 
tion windows from thermal strains without destroying 
the two-dimensional character of the flow while the 


pressures associated with shocks faster than J/ = 1.25 


) 


Continued on page 66) 


TABLE | 


V/ LZ L.3 1.328 2 3 
1 7 2.39 1.84 1.765 1.30 l 
Values of the shock Mach Number and wall temperature for 
which the pressure behind the undisturbed shock just equals the 


stagnation pressure of the flow at 7 
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An Investigation on Fully Developed 
Turbulent Flows in a Curved Channel 


SALAMON ESKINAZI* ann HSUAN YEH: 
lhe Johns Hopkins University 


SUMMARY 


Measurements of turbulent properties have been made on a 


fully developed, plane incompressible flow in a curved channel 
between circular, concentric walls. Comparison with the flow 
in a straight channel of the same Reynolds Number shows strong 
influence of curvature of the mean flow on mean velocity, turbu 
lence intensity, scale, and spectrum. The influence of curvature 


is discussed on the basis of turbulent energy equations 


List OF SYMBOLS 


width of straight and curved channel 


in curved channel 


ee 
I = spectrum 
k = one-dimensional wave number 
{, integral scale, defined in Section (4-8 
H = frequency 
f = fluctuating pressure 
= mean pressure 
P, = mean total pressurt 
Pr = turbulence production 
Pr)» = wo Pr)/Us* 
r = radius, radial direction in cylindrical coordinates 
’ = radius of inner wall 
= radius at which 7 = 0) 
= radius of outer wall 
t, v, @ = fluctuating velocities along x, y, in straight 
channel or along @¢, 7, = in curved channel 
i, v, 2 = root mean square values of u,v, % 
I, HW” = mean velocities along x, y, 2 in straight channel or 
along @¢, r, 2 in curved channel 
= V Twall/p 
= longitudinal (streamwise) coordinate of straight 
channel 
y = lateral coordinate perpendicular to wall in straight 
channel. Distance from the wall in both curved 
and straight channels 
= coordinate perpendicular to x and y in straight 
channel or to @ and ¢ in curved channel 
@ = tangential (streamwise) direction in cylindrical 
coordinates 
\ = microscale, defined in Section (4-7 
T = shear stress 
p = density 
Mh = viscosity 


F = kinematic viscosity 


Subscripts 


1; _ 


spatial average 
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at inner wall 
maximum 
Lt at outer wall 


A bar on top denotes temporal average 


1) INTRODUCTION 


PWO-DIMENSIONAL FULLY DEVELOPED turbu 


i be 

lent 
centric, circular walls (Fig. | 
Wattendorf.!' In Wattendorf’s investigation the (tem 
poral measured. 


When one compares the turbulent mean velocity profile 


flow in a curved passage between two con 


has been investigated by 
mean velocity and pressure were 
across a curved channel with that across a straight 
channel, one finds a remarkable difference even if the 
curved channel has a mild curvature, while the laminar 
flow would show practically the same velocity distribu 
tion in the two channels. Thus in Fig. 2 the temporal 
mean velocity as a ratio to its spatial average (lL l'4, 
across a straight channel is compared with the same 
0.9. The 


theoretical laminar solutions for the two channels show 


quantity across a curved channel of 7; ro 


a difference so small that the same l’ l’4, curve can 
For turbulent flows, how 


the 


be used to represent both. 
ever, measurements in the two channels of same 
Reynolds Number (74,200 based on the half width of 
the channel in the present investigation) show a dis 
the curved channel has a more equal 
smaller 


tinct difference 
ized velocity distribution accompanied by a 
peak velocity Uy _; U4,. A more meaningful com 
parison is perhaps the distribution of angular momen 
tum (lr) (lyr)4,, Fig. 3. For the straight channel 
the plot of (lr) (Uyr)4, 1s of course the same as that 
of U/U a. 
in the distribution of ly (lr), 
straight channels if the flow is laminar 
flows, the angular momentum is much more uniform in 
In fact, in 


Again there is practically no difference 
across the curved and 
For turbulent 


the curved than in the straight channel. 
about half of the width of the curved channel the mean 
flow is practically the same as that of a potential flow. 
Since the mean velocity distribution is determined by 
the turbulence characteristics of the flow, we have here 
conclusive evidence that even a mild curvature of the 
mean flow influences the turbulence quantities to a 
significant extent. 

This paper presents results of an investigation on a 
curved channel of r; 7 0.9. Measurements were 
taken on the turbulence intensity, shear, scale, and en- 
ergy spectrum as well as mean velocity. The mean ve 
locity is compared with the 1esults on similar channels 


by Wattendorf.' The turbulence quantities are com- 
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FULLY DEVELOPED TURBULENT 


pared with both the results in the straight channel of 
this experiment and the results of a straight channel 
reported by Laufer.’ Finally, the influence of curva 
ture is discussed on the basis of turbulent energy equa 
tions 

The main part of this paper is a summary of two 
separate reports of limited circulation.*: + However, 
a few interpretations, including Section (5) of this 


paper, are new. 


2) ANALYTICAL CONSIDERATIONS 


We let ¢, 7, 2 be the cylindrical coordinates along 
tangential, radial, and axial directions, respectively; 
U, \, IW, be the (temporal) mean velocity components 
along ¢, r, 2, respectively; and u, v, w be the turbulent 
velocity components along ¢, 7, 2, respectively. In a 
two-dimensional curved channel of Fig. | in which the 
flow has reached a fully developed state, we assume 
a) V IV = 0; (b) 0/02 = O; and (c 


The Reynolds equations along 


the velocities 
are independent of ¢. 
the directions of 7, @, z then become: 


l/dr) (uv) + (2uv r) = 1 p) [OP (rdg)] + 
vy) (d?U' dr*?) + [(1_ 7) (dl dr) ] (LU r*); 
Git ¢ ( } (g-/? vi } 
—(1 p) (OP On 2 
(d dr) (vw) + (vw 0 ; 
Eq. (3) together with the boundary conditions 7w = 0 
at? r, and r = ry requires that vw = 0 throughout 
the channel. Eq. (1) can be written 
p) (OP Od) + (0 Or) (r?uz) = 
v(O Or) [r°(0 Or) (Lr) ] | 


Differentiating Eq. (2) with respect to ¢, we have 
0°P (O¢dr) = O°P (Ordgd) = 0 

Hence OP. 0¢ is independent of r. Eq. (4) can thus be 

integrated with respect to 7 to form 

ur(O Or) (LU r) — punv = (1/2) (OP 06) + (Cr 2 


where Cis the constant of integration. 

Eq. (2) cannot be easily integrated across the channel. 
However, by considering a mean total pressure P, such 
that 

P, = P + (1/2)p(U? + u? + v? + w’ 6 
where P is the mean static pressure, Eq. (2) becomes 


+ 4? — y?)] = 


1/p) (OP,/Or) + (1/2) (0/0r) (w? 


2r*)] (0 Or) [r7(l 


Multiplying this equation by r° and integrating across 


the channel from the inner wall y = 7, to any other ra- 
dius y = r, we obtain 

p 

pl? = (P, — P;) - rors a 


l/r / [2.P, — Py) - pw |r dr (7 
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I, 
vat = 


where P, is the mean pressure at the inner wall. Thus 
the mean velocity l’ can be evaluated from the measure 
ments of P, and turbulence intensities. In particular, 


we have, since | u- 7 w- = Oat? } 


where Py is the mean pressure at the outer wall. The 
integral on the left-hand side of Eq. (S) is the area A 
minus the area Bin Fig. 4. Eq. (S) vanishes identically 
if the channel is straight. 

The turbulent energy equation for incompressible 
flows in the fully developed curved channel is 


ol i lof w+et+w p | 
itt + ri { 
o/ r r Or 2 p/ J 


ul ( 
v (ue ur UVY +t UWVW - t 


where 


v (0? Or?) + [U1 r) (0 Or)] 4 


l/r O- Od O- / 02°") 


The first term represents the production of turbulent 
energy. The second term represents the diffusion of 
turbulent energy and the transfer of energy due to the 
action of fluctuating pressure gradients. rhe last 
term can be identified as the transport of the turbulent 
energy by the viscous forces and dissipation of turbu 


lent energy to heat.” 
(3) Test EQUIPMENT 


3-1) The Wind Tunnel 


The wind tunnel was designed for maximum velocities 
in the neighborhood of 100 ft. per sec. Two banks of 
blowers, each bank consisting of two blowers in series, 
were used to supply the flow. Each blower has a maxi 
mum rating of 4,000 cu. ft. per min. and a static head 


> 


of 3 in. of water. The blowers discharged the air into 


a plenum chamber 60 in. high and 67 in. wide (Fig. 5). 
The interior of the plenum chamber is equipped with 
three screens with different solidity. A fourth screen 
of low solidity was located at the discharge of the 


blowers. 
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Fig.6 Radial static pressure distri- 
bution in curved channel. 
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FULLY DEVELOPED Ti 


A vertical and a lateral contraction followed the 
plenum chamber to meet the dimensions of the test 
section. The dimensions of the straight approach sec- 
tion are 5 in. wide, 46 The 


width and the height of the channel remains constant 


»in. high, and 16 ft. long. 


up to the exit. An aspect ratio of 15.5 to 1 was chosen 
in order to ensure two-dimensionality in the major 
middle portion of the channel. Halfway downstream 
f{ the inlet of the straight parallel section, 1- by 
3-in. slots are located on the channel ceiling and floor in 
order to evacuate the boundary layer already devel- 
oped there. This bleeding helps to establish two- 
dimensional flow in the curved section of the channel. 

The walls in the straight parallel section are made of 
| 2-in. plywood with a plastic surface finish. In order 
to establish a fully developed flow at the end of the 
straight parallel section, it was necessary to make the 
walls 16 ft. long or 64 duct widths. 

The curved section has the same height and width 
as the approach section. The walls are made of rolled 


sheet metal # 16 gage. In order to accommodate an 
are of more than 360 


necessary to make the radius of curvature of the outer 


in the curved section, it was 
wall in the first quadrant 36 in. and that of the remain- 
ing curved portion 30 in. Subsequently it was found 
that only 300° of curved wall was necessary in these 
experiments, because the fully developed state oc- 
curred about the end of the second quadrant. As com- 
pared with the original design shown in Fig. 5, this 
simplified many problems associated with the proper 
discharge of air. In the equilibrium section of the 
curved channel, 7, the radius of the outside wall is 30 
in. and r,, the radius of the inner wall, is 27 in. Hence 

ry = 0.9. 

The maximum (temporal) mean velocity at the end 
of the straight parallel section is 98.36 ft. per sec., and 
the Reynolds Number based on this velocity and the 


half width of the channel is 74,200. 


3-2) The Hot-Wire Anemometer Equipment 


Tungsten wires 0.00030 in. in diameter were used in 
these experiments.6 The hot-wire anemometer set was 
designed and built to handle wires with time constant 
up to 2 millisec. Using an approximately 1 milli- 
sec. wire in the actual flow conditions, the overall fre- 
quency response is flat from 10 to 5,000 cycles per 
sec. The set contains two separate bridges and two 
Separate compensating amplifiers. This eliminates 
signal coupling when two wires are used at the same 
time. An adding and subtracting circuit similar to the 
one used by Kovasznay’ was used. 

Time derivatives of the fluctuating quantities were 
measured with an electronic differentiator. All mean- 
square values of the turbulent fluctuating quantities 
were measured through a thermocouple unit. The com- 
pensation was calibrated with a square wave input to 
the wire. 

The frequency analysis of the turbulent fluctuating 
quantities was made with a Hewlett-Packard wave 


RBULENT 


KE 


LOWS IN A CURVED CHANNEI ye | 


In order to obtain mean-square values of the 


a band width at a given fre 


analyzer. 
voltage associated with 
quency, the output circuit of the wave analyzer was 
The output was fed directly into a thermo 
rectifier at the 


altered. 
couple, bypassing the output of the 


wave analyzer. 
t) RESULTS 


4-1) Mean Velocity and Mean Pressure Across the Channel 


The distribution of the mean total pressure P, across 
the channel was measured with a boundary-layer type 
of Pitot tube of small aperture. The closest distance 
that could be measured near the wall with this probe 
was (0.020 in. The pressure across the 


channel can be obtained by substituting Eq. (6 


mean static 


into 


Eq. (7) with the result 


If we neglect the turbulence terms, Eq. (10) reduces to 


P=P,+— (P, — P,)2rd) 
yt 
This equation was derived and used by Wattendort. 

In the present investigation, calculated values of P 
including and neglecting the turbulence terms are com 
pared with the measured values using a static probe. 
At the inner and outer walls P was measured by static 
It can be seen 


holes. The results are plotted in Fig. 6. 


that the turbulence terms become significant only in 


two walls. 


the immediate neighborhood of the 








O 2 4 ‘6 8 1.0 


Fig.1Q. Mean Velocity and Turbulence Level at 
Fully Developed Curved Section. 





28 TOURNAL OF THE AERERONAUTIC 
| ieee pmmata T oa 
© Curved Section | 
OG} er 
Vv » ° Straight 
U 1% 
04 |8$—o4 
= 
. La oss 
e eT -O | 
a 





O af 4 
. Comparison of é in Fully Developed 
Straight and Curved Sections. 


Fig. | 





The distribution of mean velocity as a ratio of the 
maximum mean velocity (U’/Un,,) in the fully devel 
oped section is in good agreement with the experi- 
mental results by Wattendorf.' A comparison of 
the velocity distributions as they proceed around the 
curved section are plotted in Fig. 7. The symmetrical 
profile labeled 0° corresponds to the fully developed 
straight section, and the profile closest to the top of 
Fig. 7 represents the velocity distribution at three 
consecutive stations in the curved channel at 172°, 
204°, and 236°. The experimental data show that the 
flow in the curved channel has reached equilibrium at 
172°. This checks the results of Wattendorf. |The 
turbulent intensity shows the same evidence and this 
fact is discussed in Section (3-3).] Velocity measure- 
ments at three vertical stations showed that two 


dimensionality existed. 


(4-2) Pressure Drop Along the Channel 


The drop of wall static pressure along the channel 
is shown in Fig. 8. The level of the static pressure is 
arbitrarily considered to be zero at the beginning of 
the straight ‘‘approach” section. The static pressure 
drop is expressed as a ratio to the dynamic head based 
on the spatial average velocity in the channel. 

The effect of boundary-layer bleeding [see Section 
(3-1)] can be seen in the static pressure drop a little 


after the mid-length of the straight channel. The en- 
trance to the curved channel begins at x d = 60. At 


this point, the static pressure drop divides into two 
separate curves: an upper curve for the outer wall and 
a lower curve for the inner wall. The abscissa in the 
curved region represents actual are length r@ of each 
wall. Since the pressure drop OP/0¢@ is the same for 
both walls, the slope 0P ‘rd¢ is not the same for the 


two walls. 


(4-3) Turbulence Intensities t:/U and 1/U 


Measurements on local turbulence intensities @ U 
and v/U’ were made in the fully developed straight and 
curved sections, as well as in the transition region in 
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between. The results are shown in Figs. 9, 10, and ||. 
One foot ahead of the entrance to the curved section 
(labeled by 0° in Fig. 9), #/U’ is symmetrical with re 
spect to the center of the channel. In the first 26° of 
transition from straight to curved section, # Ll’ shows 
considerable increase near the outer wall and a decrease 
near the inner wall. As the flow proceeds in the transi 
tion region a tendency to restore #/l’ to its original dis 
tribution can be noticed. Finally, in the fully developed 
curved section, the values of @ Ul’ in the inner half of 
the channel are still smaller than those in the straight 
section, while the values in the immediate vicinity 
of the outer wall are higher than those in the straight 
section. Measurements of #7 Ul’ at the three stations 
172°, 204°, and 236° show a variation not more than 
experimental accuracy. Hence the flow settles down 
to an essentially fully developed pattern after an are 
oF 172". 
measurements as discussed in Section (3-1). 

The turbulence intensity 7 1’ was measured with 
an X-meter. Fig. 11 shows that curvature has a similar 


This was in agreement with the mean velocity 


effectonv/Uasona/U. 


4-4) Shear Stress 
Eq. (5) can be written 


r= t,+ 7, = (1/2) (OP/0¢d) + (C/r?) (11 


where 7 is the total shear stress, 7, == — puv is the turbu- 
lent shear stress, and 7,= ur(O/Or) (Lr) is the laminar 
shear stress. Except in the immediate vicinity of the 
walls, 7, is negligible when compared to 7,. If r, is 
the radius at which 7 = O, the constant C in the above 
equation can be evaluated and the equation becomes, 


r = —(1/2) (OP O¢) [(r,/r)? — 1] (12 


From the measured values of 7, and OP 0@, 7 is plotted 
against (r — r;)/(%m — r;) in Fig. 12. The absolute 


values of 7 at the two walls are 

Tj PN ieee = ().00139 
at the inner wall and 

ty/PUmar- = 0.00248 


at the outer wall. 

The turbulent shear stresses measured by an X-meter 
showed the consistent tendency that its absolute value 
is less than that calculated from Eq. (12). This tend- 
ency has also been observed in the measurements of 
turbulent shear stresses in the straight section. It 
might be added that in Laufer’s experiments on 
straight channels the measured uz for the highest Reyn- 
olds Number of 61,600 was almost 30 per cent lower 
than the values calculated from the pressure drop, 
although the agreement was good for lower Reynolds 


Numbers. 


4-5) The Location of Zero Shear Stress 


Wattendorf found that the radius r, for zero shear 
stress corresponds neither to the point at which d( lr) + 
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dr = 0 nor to the point at which d(l’ 7) /dr = 0. The 
same observation appeared to be also true in this in- 
vestigation. Without attempting to predict the value 
of r,, one can instead relate 7, to the wall shear stresses 
in the following way. From Eq. (12) we get 


tm = —(1/2) (OP /0¢@) [(r,/ro)? — 1] at outer wall 
7, = —(1/2) (OP 0¢) [(r,/r;)? — 1] at inner wall 


From these two equations one can solve for the location 
of zero 7, expressed by the ratio (7, — 7r;)/(ro — r;), as 


The result is 


= | [(ro/r;) — 1] 


(ro/Ti) — (ri/Po)? / 


a function of 79/7; and 7; 7. 
<r" 
G~h U 


(t/t) = 


(13) 


‘3/76 = 0.9 
6/4 > — 1.784 
ta = ri) (Yo — 7;) = 0.32 


In Wattendorf’s channel II 
r:/to = 0.8 
*ro/T, = —1.49 


(rn — r:1)/(ro — 7;) * 0.32 
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That (7, — 7;)/(ro — r;) in both cases happens to be 
about 0.32 must be considered as a coincidence. 

In both Wattendorf’s investigation and the present 
one, the absolute magnitude of 7) 7; for turbulent flows 
in curved channels between smooth walls is larger 
than 1. 
less than | in absolute magnitude. The dotted line in 


However, 70/7; for laminar flows is always 


Fig. 13 is obtained from the theoretical solutions oj 
laminar flows. It can be expected that this line sets the 
limit for the family of curves for turbulent flows be 


tween curved walls of the same roughness. 


4-6) Spectrum of u* and v? 

The one-dimensional energy spectra of u* and ?° at 
various distances from the walls in the straight and the 
curved channels are shown in Figs. 14 to 17. In these 
figures the abscissa is k; or the one-dimensional wave 
number in the direction of the mean flow Ll’. The fact 
that v*-spectra of Fig. 17 show a marked influence of 
curvature will be discussed in Section (5). 

Figs. 1S to 21 show the distribution of n*F(7) as a 
function of m. These curves are used for the calcula- 
tion of microscales. (See next section). 


4-7) Microscale 
The microscales \,, \, in the fully developed straight 


section and Xg, A, in the fully developed curved section 
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Fig.17. Spectrum of v in curved section. 
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Fig. 22 - Scales of turbulence in straight section 
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Fig. 24. Transversal and radial scales of turbulence. 


are defined as: 
(Ou/Ox)? = u?/d," 
(1/2) (Ov/Ox)? = v?/K,? 
[Ou (rd) |? = u?/dy? 


(1/2) [dv/(rd@) |? = v?/A,? 


The microscales can be obtained experimentally in the 


following manner first suggested by Townsend.*  <As- 
suming Taylor's hypothesis holds, we can write 0 Ox = 
(1/U) (0/odt) for the straight section and 0/(rd¢) = 
(1/U) (0/Ot) for the curved section. Thus, 


(Ou/Ox)? = (1/U7) (On/odt): 


and so on. In this investigation, (Ow, Of)* in the fully 
developed straight and curved sections was measured 
by an electronic differentiation circuit. 

A second method of obtaining the microscale is based 
on the fact that the space correlation function R is the 
Fourier transform of the one-dimensional energy spec- 


trum F(n). Hence 


l oR," we rr 
) Ox” r=0 U? Jo 


») OR,' a 
> = — { n> F(n)dn 
r,2 Ox? J 00 LU? Jo 


Y 


with similar expressions for \, and A,. The distribu- 
tion of n°F(n) has been given in Figs. 18 to 21; from 
these figures microscales were calculated. 

Figs. 22 and 23 show the four microscales as functions 
of distances from the walls. The two methods of ob- 
taining A, and A, show substantial agreement, espe- 
cially for \,. In the fully developed curved section, 
A, decreases in the inner half and increases in the outer 
half of the channel, when compared to X, of the fully 
developed straight section. On the other hand, \, of 
the curved section is larger than \, of the straight sec- 
tion for the major portion of the channel, except near 
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the inner wall where they are equal. The values of 
\/d are approximately three times larger than those oj 
Laufer’s straight channel at a Reynolds Number oj 
61,600. 


4-8) Integral Scales of Turbulence 


The integral scales L,, L, in the fully developed 
straight channel and Ly, L, in the fully developed 
curved channel are defined as follows: 


[rea 


Ls, = | R," rdo; L, = R,' rdo 


The integral scales were estimated by a simple, approxi 


L, = | A," dx; LL, 


mate method based on the compensated and uncom 
pensated values of the hot-wire signal.” The results 
are shown in Figs. 22 to 24. The method used is less 
justifiable for L, and Ly, the values of which are in 
cluded merely as an indication of the trend. The 
effect of curvature on integral scales is just about the 
same as that on the microscale. A second method of 
estimating the integral scale is the extrapolation of the 
energy spectrum to zero frequency. The values ob 
tained in this manner are not represented here, but their 
magnitude and trend are consistent with those shown 
in Figs. 22 to 24. The average ratio of Ld is the same 
as that found by Laufer in his straight channel of Rey- 
nolds Number 61,600. 
4-9) Similarity Considerations 

It is well known that in the vicinity of walls, a uni- 
versal curve of U/ Ux vs. yUx /v holds for all Reynolds 
Numbers and even for different types of flows. Fig. 
25 shows such curves near the two walls of the curved 
channel as well as near the wall of the straight channel 
For 25 < yl'x/v < 200 (y is the distance from the wall 
for all three cases), all curves follow the same logarith- 
mic law 


U/Ux = A logy (vl %/v) + B (14 


The constants A and B are 5.03 and 6.5, respectively 
The three curves branch out at yl’ v ~ 200. The 
distribution represented by Eq. (14) is very close to 
other experiments’ for the range of yl’x v considered 


above. 
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Fig. 25 . Similarity in the mean velocity distribution 
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The dotted curve in Fig. 25 is taken from Watten- 


dorf's channel II of 7; 7) = 0.8. It is seen that con- 
siderable discrepancy exists between Wattendorf’s data 
and the present measurements. 
view of dimensional analysis, near the wall l’ not only 
depends on y, v and wall shear stress but also on the 
radius of curvature r. It is therefore to be expected 
that 

r or perhaps of some combinations of the two. Such 


functional relationships are however not obvious at 
present. 

Beyond the neighborhood of the walls, the similarity 
of the mean velocity for all Reynolds Numbers can 
be expressed for the case of a straight channel in the 


form 
(Umar — U)/Us = fly/d 


Wattendorf! extended this concept to a curved channel 
and investigated the function 


| oF 


b, =f * 1S 
\ pr, — & 


where 7, is the radius of the reference point at which 
lr LY) mar, Dy is the distance from the reference 

» is the distance from the 
reference point. Plotted in Wattendorf 
showed that the mean velocity distributions on both 


point to the two walls, and y, 
this form 
sides of the reference point for two curved channels of 
different curvatures could all be reduced into a single 
curve. However, this curve differs distinctly from a 
corresponding plot of the velocity distribution of a 
straight channel. This is hardly surprising, for as 
pointed out in Section (1), a prominent feature of 
curved channel flow is a more equalized velocity dis- 
tribution in the middle of the channel. Hence it is not 
to be expected that the same functional relation such 
as Eq. (15) can exist in both curved and _ straight 
channel flows. 

Values of 7 Ul and v Ul near the walls are plotted 
against yl’x v in Fig. 26. It appears that as far as 
turbulence quantities are concerned, no. similarity 
exists between the neighborhoods of the inner and the 
outer walls of a curved channel and the straight wall. 


4-10) Turbulent Energy Production 


From the turbulent energy equation, Eq. (9), the 
production of turbulent energy of a two-dimensional 
fully developed flow in a curved channel is 


(dU dr) — (U/r)] (16) 


(Pr) = ui 





rhis term can be made dimensionless by defining 


(Pr)« = (vuv/Ux*) [((dU/dr) — (Ur)] (17 


The major portion of this production occurs in a region 
the 
laminar sublayer, is characterized by a universal law of 
l 


close to wall. This region, which includes the 


Us vs. vU%/v. Since Ur in this region is small com- 


pared todl’ ‘dr, we can write 


(Pr) x (VUT U'y4 (1S 


(dU dy 


From the point of 


U’ is a function not only of yl’s v but also of 


T 
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Fig. 26. Similarity in the turbulence intensity. 


near the wall. Eq. (1S) isan exact relation for a straight 


channel. Let us now consider two regions near the 
wall. 
yUx/v < 200, Fig. 


Differentiating Eq. (14 


(a) For 25 « 25 shows that Eq. 
(14) holds. 


y, we obtain 


with respect to 


(v/ Ux") (dU /dy) = 0.434384 /(vUs/v 
In this region, uv U'%* 1s practically a constant and equal 
tounity. Hence 
(Pr) x 0.4348A (vlx vy 19 


(b) In the laminar sublayer corresponding roughly 
to vl yp < 10, 


\V Ux? 


(dU dy l 
Hence (Pr)x = uv/Us (20 


In Fig. 27 (Pr) for the curved and straight channels in 
this investigation is obtained from Eq. (19) and plotted 
as a solid line. For comparison, Laufer’s data on pipe 
flows'’ are plotted as dotted lines. The curves repre 
senting Eq. (19) or (20) are of course not valid in the 
neighborhood of y«xl’ v = 10. 
(5) INFLUENCE OF CURVATURE ON TURBULENT 
CHANNEL FLows'!! 
Consider first the fully developed turbulent flow in 


a straight channel. The energy equations for the fluc 


tuation components 4”, v*, w? are 
[uv(dl' dy)| + (1 2) (dzeu? dy 
-(1 p) [u(Op Ox)] + vuV eu (2 
(1/2) (dv3/dy) = —(1/p) [v(Op/Oy)] + wV*z (22 





(1/2) (dvw?/dy) = —(1/p) [w(Op Oz)] + veV*w (23 


The sum of these three equations is the total turbulent 


energy equation.“ 
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dU d (= +v+w* ’) 
uv — v ss _ 
dy dy 2 p 
viuV-u + vV7v + wV-w) (24) 


Taking Eq. (21) as an example, the first term repre- 
sents the production of 4? due to the action of Reynolds 
stress on the mean velocity gradient, the second term 
represents the diffusion of 1? by v, the third term repre- 
sents an energy exchange which produces other fluctuat- 
ing components, and the last term represents the trans- 
port by the viscous forces and the dissipation. A nega- 
five sign for the first term corresponds to a positive 
turbulent energy production and vice versa. 

Based on Eqs. (21) to (24), one can draw the follow- 
ing conclusions for a straight channel.!* 

(a) The entire turbulent energy production goes 
directly to the longitudinal fluctuation 1°. 

(b) The other two fluctuation components (v? and 
w?) receive their energy from yx? by action of the pres- 
sure fluctuation. 

(c) Since uv is negative when dl’ dy is positive and 
vice versa, the product (uv)dU'/dy is always negative. 
Hence turbulent energy is produced through the entire 
width of the channel, except at the channel center 
where it is zero. 

Let us now consider a fully developed curved channel 
as described in this paper. The turbulent energy 
equations for the three fluctuation components are® 


dur 1 drvu? uv Ll Op . 
uv ig a = a oe 
rdr 2r dr r p rod 
( 7: u? in 2 oO ) (95) 
RVR te Uu 2 
. r?> Od 
U 1 drv3 uv 1 Op 
—2n0— + i So ea 
r 2 rdr “f p Or 


(1/2) [(drww?)/(r dr)] = 


—(1/p) [w(Op/dz)] + v(wV2w) (27) 


The sum of these three equations is the total turbulent 
energy equation which is just Eq. (9). 

From Eqs. (25) to (27) and Eq. (9), we can draw the 
following conclusions for a curved channel: 

(a) Turbulent energy is produced directly not only 
on u? but also on 2”. 

(b) Since the point of zero yz does not coincide with 
the point of zero d(l’r) dr [see Section (4-5) ], there is 
a region between these two points in which the product 
uvd(lr) dr is positive. In the present investigation, 
the value of (r — r;)/(ro — r;) for uv = 0 1s 0.32 and 
that for d(lr) dr = OisO.8. 
is a region, occupying 48 per cent of the width of chan- 


setween these two points 


nel, in which turbulent energy on x4? is being suppressed 
by Reynolds stress working on the mean momentum 
gradient. However, nature seems to come to the res- 
cue by providing a flat momentum profile (Fig. 3) so 
that the amount of suppression in this region is small 
when compared to the turbulence production outside of 
this region. 

(c) The total energy production on all fluctuation 
components is uzr d(Ur) dr. In the present investi- 
gation, L’/r reaches a peak at (r — 7;) (7% — 7 0.27. 
Hence for (7 — 7;)/(7o — 7;) between 0.27 and 0.82, or 
about 5 per cent of the channel width, the total fluctu- 
ation energy is being suppressed by the action of 
Reynolds stress working on the gradient of Lr. 

(d) The transfer of energy between y? and 2? is 
not only due to the pressure fluctuation but also due 
to the term 4*v,r appearing in both Eq. (25) and Eq. 
(26) but in opposite sign. 

(e) The most important influence of curvature is 
perhaps the 7*-production term —xuv Ur in Eq. (26). 
Near the inner wall wz is negative, resulting in a posi- 
tive sign of this term. This means a suppression of 
v*. Near the outer wall wv is negative, thus giving rise 
to a production of v?. Hence the radial movement of 
the fluctuations is suppressed near the inner wall but 
excited near the outer wall. This checks the stability 
criterion first suggested by Rayleigh.'* ! According 
to this criterion, a fluid particle near the outer wall, 
upon being displaced to a larger radius, will possess a 
larger momentum (lr) than its new neighbors. The 
centrifugal force of the displaced particle will be greater 
than the centripetal pressure gradient existing at its 
new location, and the particle will therefore tend to dis- 
place to a still larger radius. Thus a radial displace- 
ment is unstable near the outer wall. Conversely, it 
is stable near the inner wall. It should be noted, how- 
ever, that Rayleigh’s criterion is based on the sign of 
d(Ur)/dr, whereas the direct production (or suppres- 
sion) of v2 is based on the sign of uv. 

(f) The production of turbulent energy is usually 
associated with eddies of large size or of small wave 
numbers. The fact that v? is suppressed near the inner 
wall should reflect in a lack of v? energy in the low wave 
number range. That this is actually the case is shown 
remarkably in Fig. 17. 


(Continued on page 75 








gradi 
ber b 
Com} 
the se 
to M 
cent 1 
clear 
sent | 
the fu 


6 


Subser. 


0) 


S* 
th 


well a: 


ulent 
v the 
only 


with 
re 1s 
duct 
tion, 
and 
pints 
han- 
essed 
itum 
res- 
>) SO 
mall 
le of 


ition 
esti- 
27. 
a or 


ictu- 


lly 
ave 
ner 
ive 


wn 








Boundary-Laver Measurements 1n 


Hypersonic Flow 


F. K. HILL? 
The Johns Hopkins Unwwersity 


SUMMARY 


Experimental data are presented on boundary-layer formation, 
heat transfer, and skin-friction coefficient at Mach Numbers of 
8.25 and 9.0. The boundary-layer measurements were made on 
the wall of a conical nozzle in the presence of a favorable pressure 
The Reynolds Num- 


ber based on momentum thickness varied from 1,500 to 3,500 


gradient and several rates of heat transfer 


Comparison is made with data at lower Mach Numbers and with 
the semiempirical theory of von Karman. The existing data up 
to Mach Numbers of nine indicate agreement to within 5 per 
cent when compared with a form of the Wilson theory, but it is 
clear that the effects of heat transfer and pressure gradients pre- 
sent problems which require extensive study and experiment in 


the future 


SYMBOLS 


( = local skin-friction coefficient 

Cry = mean skin-friction coefficient 
] Mach Number 

pressure 


= Prandtl Number 


a 
ll 


radius of nozzle at test station 
Re = Reynolds Number 
1 = temperature 
1 = equilibrium temperature 
1 = total temperature at test station 
Ty = static temperature at y 
l = velocity in x direction 
= ('/,\(p.U 
recovery factor 
y, X = coordinates normal to wall and along the nozzle axis 
= ratio of specific heats 
6 = boundary-layer thickness 
6* = displacement thickness 
\ = molecular mean free path 
M = viscosit\ 
1 = p/p 
p = density 
T = shearing stress 
6 = momentum thickness 


Subscripts 
0 refers to stagnation condition 
refers to free stream 
refers to wall 
h refers to pitot pressure 
refers to static pressure 


6, refers to edge of laminar sublayver 


INTRODUCTION 


Sx: THE EARLY 1930's when von Karman! discussed 
the importance in high-speed flows of turbulent as 


well as viscous shearing stresses, there have been many 
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attempts to provide an adequate theory of turbulent 
boundary-layer formation in compressible flow. Al 
though there is not, as yet, a completely satisfactory 
theory, a considerable body of data in the low super 
sonic range of Mach Numbers has been reported in the 
literature during recent Among the various 
theories proposed, and in some instances in the data as 


years. 


well, there have been rather large discrepancies. For 
example, Clauser? has discussed the inconsistencies 
which are known to exist in the results of extensive 
investigations of the characteristics of boundary layers 
formed in the presence of adverse pressure gradients 
and or separation. Also, significantly, Chapman and 
Kester® and Coles‘ have pointed out that the numerous 
theories for skin-friction coefficients are quite discrepant 
at high Mach Numbers, especially those above 5. To 
a limited extent, recent work such as that reported by 
Coles* ® has resolved some of these discrepancies by 
discussing the significance of certain boundary-layer 
parameters; experimental data at hypersonic Mach 
Numbers, 5 < JJ < 10, which are now becoming avail 
able also assist in the clarification of the inconsistencies 
This report presents data on the properties of boundary 
layers formed in the presence of flow at a free stream 
Mach Number of 9. It is apparent that in the study 
of hypersonic boundary layers the effects of viscosity, 
heat transfer, and compressibility are significant and 
must be clearly recognized in order to evaluate the 
measurements and correlate them with theory. The 
results are compared with those obtained at lower Mach 
Numbers where possible, although it is obvious that 
conditions of test here have not been idealized as well 
as can be done in conventional supersonic research 
where the number of flow variables may be restricted 
to a minimum. Heat transfer, Mach Number and 
pressure gradients are present, and the Reynolds Num 
ber range is limited. One of the consequences of oper- 
ating at hypersonic Mach Numbers is to complicate the 
test conditions, but this in turn is helpful in directing 
attention to the parameters which are important and in 
leading to a clearer understanding of the problems in 


volved. 


EXPERIMENTAL CONDITIONS 


The measurements reported here were made in a 
conical nozzle described elsewhere in the literature.' 
Pressure and temperature surveys were made across 
the nozzle at several stations in order to investigate the 
boundary layer formed on the nozzle wall. The two 
survey stations for which the data are presented were 
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near the nozzle exist where the pressure and Mach 
Number gradients were relatively small. Nitrogen 
gas, obtained commercially as Super Dry, was used and 
supplied to the tunnel settling chamber at pressures 
from 350 to SOO psig and heated to temperatures from 
1,300 to 1,400°R. The inside of the nozzle, along which 
the boundary-layer measurements were made, had a 
smooth surface of electroformed nickel with surface 
irregularities of the order of 5u in. The nozzle was 
constructed and mounted so that it could be rotated 
about its axis through any desired angle, without dis- 
turbing pressure or temperature probes mounted at 
fixed locations. A check was thus provided of complete 
axial flow symmetry. With nitrogen the nominal Mach 
Number of the tunnel at the exit was 9.1. 

Since a nozzle boundary layer is being studied it is 
clear that there are several conditions different from 
the great majority of boundary-layer investigations 
which have been done in “two-dimensional” flow on a 
flat plate and with ‘‘zero”’ pressure gradient. In the 
present case the throat of the nozzle serves essentially 
as a source and produces almost ideally irrotational 
flow. There is no evidence of ‘‘cross-flow’’ or separa- 
tion within the boundary layer. Since the nozzle 
conical surface is inclined 6° with respect to its axis, 
there is, of course, both a favorable pressure gradient 
as well as a Mach Number gradient along the nozzle 
axis. The pressure and Mach Number gradients are 
least at the nozzle exit and amount to 0.26 mm. Hg in. 
and 3 per cent in., respectively (Po = 600 psig case). 


Data 

One of the primary aims of this investigation was the 
determination of skin friction. Because of the rela- 
tively small scale of the tunnel (the exit diameter of 
the nozzle was 2 in.) a floating element technique for 
wall friction measurements was not feasible. The 
method used was that of deriving the wall shearing 
stress from the velocity profile by boundary-layer sur- 
veys of pitot pressure, static pressure, and total tem- 
perature. The data for one survey are shown in Figs. 
laand lb. The supply conditions in this case were 600 
psig and 1,360°R. Similar data for supply pressures 
of 400, 500, and 750 psig were recorded. A full discus- 
sion of the techniques of measurement is given else- 
where.’ 

The pitot pressures and static pressures were recorded 
by means of Statham pressure transmitters connected 
to string galvanometers and by conventional mercury 
manometers. When using the pressure transmitters 
the response of the entire electrical system was less 
than 10~* sec. and it was found that pressure pulses of 
the order of 10~* sec. could be resolved, although the 
overall response of the system was slower for gross pres- 
sure changes. In the data there was no evidence of 
pressure fluctuations or intermittent flow with time 
constants greater than the instrumentation response. 
Generally, conventional pitot probes were used (0.042 
in. o.d., blunt tip); for positions close to the tunnel 
wall flattened probes of 0.008 in. overall thickness were 


used. A calculation of the molecular mean free path 
indicated that slip-flow conditions for the stream did not 
obtain in the “‘free stream” nor throughout the bound 
ary layer—.e., the Tsien* condition, \/6 < 1 100 was 
not violated. Surveys were made at Station A near 
the nozzle exist where 1/ ~ % and at Station B two in 
upstream where J ~ 8.25. 

7,’ values shown for the total tempcrature surveys 
in Fig. lb represent the probe readings corrected for 
the measured recovery factor of the probe itself. This 
factor varied from unity at .l/ Q to SS per cent at 
JJ = 9 with a slight dependence on stream density 
Calibration curves for each set of test conditions were 
used to determine the true 7)’. The probe was made 
of ceramic tubing 0.058 in. in diameter at the tip, with 
0.010-in. iron-constantan thermocouple wire inside 
and an exit to entrance duct ratio of 20 per cent. A 
thermocouple was placed in the wall to check the tem- 
peratures at the wall with the value extrapolated from 
the 7)’ and 7, curves. Stabilization of this tempera- 
ture indicated when the tunnel heat-transfer rates were 


constant. 


Accuracy of the Data 


The range of pressures and temperatures in hyper 
sonic tunnels is large compared to that normally em 
ployed in supersonic work. In addition, because 
several new phenomena such as slip flow may enter, not 
only the accuracy of the measurements must be stated 
but also conditions of test must be defined. For pitot 
pressures at the test Stations A and B, the range of 
pressures was from 1.5 to 300 mm. Hg; the recording 
accuracy in absolute value was +3 per cent and 
+().25 per cent, respectively. For static pressures the 
recording accuracy was +3 per cent. In_ practice 
many runs were made at all supply conditions within 
the limits of the test conditions, so that the average 
values used are all believed to be within | per cent. 
The total temperature measurements plus the corrected 
recovery factor of the probe are accurate to 2 per cent, 
and in deriving velocity values from the temperature 
data the error is not greater than | per cent provided 
the flow is locally isentropic. Two other sources of 
error must be noted. The supply gas, when heated to 
1360°R. prevents any measurable effects of condensa- 
tion after expansion in the nozzle but partially excites 
the first vibrational mode of nitrogen. A careful study 
of pitot pressure as a function of supply temperature 
was made and it was found that the relaxation time of 
Ne under our test conditions affected the pressure re- 


corded by the pitot probe by less than 1 per cent. (For 
extremely small bore pitot probes the effect was found 
to increase.) The second source of error likely to occur 


in hypersonic flow is that due to slip-flow and viscous 
effects on the pitot probes in the boundary layer, even 
though the gas as a whole exhibits no slip effects with 
respect to the tunnel wall under these test conditions. 
The probes are sufficiently small, so that very near the 
wall where the molecular mean free path is greatest a 
more critical evaluation must be made. At a distance 
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TABLE 1 
Boundary-Layer Parameters, Station A cen 
Po (psig) 400) 500 600 75) sca 
Fat"R.) 1,360 1,360 1,360 1,360 cas 
M 8.99 9.04 9.07 9.10 ibs 
Pe te 79.24 78.42 77.93 77.44 
Re ~(/in.) 1.060 * 10° 1.302 X 105 1.545 X 10 1.906 X 10 
TAR.) 601 645 673 psi 
Pw/p 0.1318 0 0.1208 0.1151 : 
6 (in.) 0.3475 0.3406 0.3367 0.3352 to 
@ (in.) 0.01175 0.01235 0.01235 0.0120 dis} 
Reo ] ,245 1,607 1,908 2 287 
u ft.2 dat 
(» = $.654 X 10! 5.1 x 10° 5.470 X 101 5.400 & 104 Nut 
¥] w sec.? Nu 
ary 
tul 
> fave 
TABLE 2 tw = C,[(1/2)p. U7] = ue(Ou/dy (2 res 
Summary of Skin-Friction Measurements Phe 
‘ = aon A summary of the significant parameters at Statio1 stra 
M « Two/t Re, ( cp /e sige ag g " - | t ; od t tion A 
5 give é - é c ce > Skin - ; at ons 
eo 7 68 1.245 7.399 x 10-4 0.197 is given in lable L, und in Table the skin friction data co 
9.04 7.97 1,607 8.910 ().235 for both test stations is summarized. The incompres- ber. 
9.07 8.28 1,908 8.505 0.234 . dein frit = As a ae . 
’ > = . . > . > F } ¢ > . < g € 
@ 10 8 60 9'987 8 O00 0 297 sible skin-friction coefficient, Cy;, is obtained from the gr 
8.22 7.17 ?, 081 9.240 0). 257 Karman-Schoenherr' relation, at comparable Re, and bein 
825 7.26 2,498 9.102 0.265 for j f N 
pote 2 or ze z ansfer. NO) 
8.27 7.3 2,885 8.695 0.259 for zero heat transfer 
8.29 7.37 3,202 8.202 0.247 a 
8.29 7.41 3,451 7.709 0.239 00 
ANALYSIS OF RESULTS | 
othe 
y ae : ; : Universal Velocity Profiles due 
of 0.025 in. from the wall the ratio J17/Re is 0.009. lave 
According to Kane and Maslach," this would require As pointed out in the introduction the original work hyp 
a correction of less than | per cent. Their criterion for of von Karman introduced the concept of turbulent end 
applicability of the Rayleigh formula is that if the ratio shearing stress into boundary-layer analysis and this 
of Mach to Reynolds Number is less than 0.015 the was based on his well-known mixing length theory. me 
correction is less than 1 per cent. In practice our meas- Phe result of this concept for very high-speed flows hee 
urements were limited to 0.020 in. from the wall so that was that near the wall the shearing stress would be of 9 
it was concluded (for the nitrogen runs) the error due laminar and proportional to u(du/dy), while further 50 
to viscous and slip effects was less than 1 per cent. from the wall the shearing stress would be predomi 
nantly turbulent and proportional to pu’v’, u’ and 2 a 
NUMERICAL RESULTS being the velocity fluctuations. When this is trans 
; on ' lated into velocity profiles the functions are of the form rl 
Plots of the velocity in the boundary layer for four may 
supply conditions at Station A and for five supply con- U/U, = ¥(U,/vw) for laminar flow (3 = 
ditions at Station B were derived from the pressure and wher 
temperature data. The Rayleigh formula was used to U/U, = a + b log [y(U,/r~) ] for turbulent flow a 
compute Mach Number. Total temperatures to- (4 reco’ 
gether with tables'! of isentropic flow with y = 1.4 ; Bee pute 
és ? : where a and } are constants and 2, is the friction veloc- 
were used to calculate density and velocity as a func- . 1/y ao . : for t 
; ° as. : = E : ity, (7w/p) These two equations have constituted 
tion of distance from the wall. The results for one : Ge equa 
; aa ‘ ste the well-known universal velocity profiles for boundary 
case are presented graphically in Figs. 2a and 2b. The ee cade lami: 
nh a E layers, and provide a method which has been widely 
transition from laminar to turbulent flow is apparent, ra ; 
i : RRS ; : used in graphical plots of boundary-layer data. It has 
and the laminar sublayer is significantly thicker in rela- : eg? ste ; 
. es been particularly useful for (a) both two dimensional 
tion to the total boundary-layer thickness, 6, than in “em : ; ? 
i , ‘ : and axially symmetric flows and (b) flows with and 
boundary layers at lower supersonic Mach Numbers. oe , The 
mead : without pressure gradients. It is, consequently, a - 
Other properties of the boundary layer have been found : t 
i ae : very convenient way to show hypersonic boundary- rans 
from these basic data. The momentum thickness, 6, : : . : ; sat 
2 : ? layer data where the flow may be either axially symmet- cove! 
is calculated from the expression - : . hae dae apie 
ric or two-dimensional, and where pressure gradients 0) al 
9(2R —@ “ py U, U and large heat-transfer rates may also be present.” W 
(2R — 6) = 2 = —~)ydy Moe : . — 
ri ot u_}? dy (1) In Fig. 3 such universal velocity profiles are shown for lowe: 
the Station A data and for the curves calculated from tor 1 
where R is the radius of the circular section at which Eqs. (3) and (4) in which the values of the constants rate 
the survey is made. The local coefficient of skin fric- a and b were those derived by von Karman. ! rhis 
tion, C;, is calculated from the usual formula relating Several features of these velocity profiles are signifi- from 
shearing stress at the wall with the velocity gradient. cant. been 
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Che lamimar region is relatively large (~15 per 
cent of total boundary-layer thickness) and the data 
scatter about the U’U, = y(U,/v,) line; if all four 
cases are superimposed the consistent random scatter 
about this line shows very clearly. 

”) In the turbulent region for the 500, G00 and 750 
psig cases, the data show similar behavior with respect 
to the straight line represented by Eq. (4). There is a 
displacement above the line which is consistent with 
data reported by Lobb, Winkler and Persh'’ for Mach 
Numbers of 5 and 6.8. Their data represented bound- 
ary layers on the nozzle wall of the NOL hypersonic 
tunnel (two-dimensional case) in the presence of a 
favorable pressure gradient and with heat transfer. 
Their data showed a displacement upwards from the 
straight line with increasing heat-transfer rates and a 
constant displacement above the line with Mach Num 
ber. Our data at a nominal Mach Number of 9 are in 
agreement with these results, the turbulent portion 
being above the line by a smaller amount than the 
NOL data. 

3) The turbulent data shown in Fig. 3 for Py = 
400 psig is clearly inconsistent with that taken at the 
other Py values. The reason for this is believed to be 
due to an incompletely developed turbulent boundary 
layer with the flow in the “transition” stage. This 
hypothesis is further borne out by the skin-friction data 
and is comparable to the findings of Coles.’ 

!) For hypersonic Mach Numbers the transition 
from laminar to turbulent flow within the boundary 
layer is completed by a limiting value of (yl’,/», 
of 20, whereas for low velocity flows the value® is near 
50. 


Heat-Transfer Rates 


The heat-transfer rates for the four cases at Station A 
may be readily calculated from the data given in Table 
1. The heat-transfer rate is defined as (7, — 7,,)/T, 
where 7), is the equilibrium temperature computed for 
zero heat transfer. This involves the assumption of a 
recovery factor. Two sets of values have been com- 
puted and are given in Table 3. The first is computed 
for the entire boundary layer with the recovery factor 
equal to ~/ Pr which is customarily associated with 


laminar flow. 


The second computation attempts to give the heat- 
transfer rate in the turbulent layer by taking the re- 
covery factor equal to ¥ Pr with Pr evaluated at y = 
6, and 7%, used in place of 7 

With fully developed turbulent boundary layers in 
lower Mach Number supersonic flow the recovery fac- 
tor is usually close to the Pr and the heat-transfer 
rate is determined by using the wall temperature, 7’. 
This same calculation may be made for the present data 
from the numbers given in Tables 1 and 3, but has not 
been tabulated because it is felt this is not truly repre- 


TABLE 3 
Heat-Transfer Rates at Station A, w~od 


P. psig 100) S00) 600 750 
I l 6.93 6.73 6.48 6.17 
1 
] 1 
1 ov 55 .. 57 $ 18 


sentative of the actual heat-transfer rates in hypersonic 
streams. The laminar sublayer is relatively so thick 
(15 per cent) that the physical process of heat transfer 
in hypersonic boundary layers may be different from 
boundary layers where turbulence predominates 
through 96 to 99 per cent of the total thickness. 


Pressure Gradient Effects 

Since negative pressure gradients were present in this 
experimental work, and since in practical applications 
at hypersonic Mach Numbers similar pressure gradients 
will be encountered, the order of magnitude of these ef 
fects should be estimated. As is well known, from the 
two-dimensional momentum equation for boundary 
layer flow. 

d {‘ 5 Or 


pl U —l dy = 6 4+- 7 (6) 
J dx 


the local skin-friction coefficient may be expressed as 
C, = 2(d0/dx) + (1/q)(W? — 2 — 6*/0)0(dP/dx (4) 


For zero pressure gradient the last term is zero and pro 
vides the usual expression for the flat plate case. Fora 
first-order approximation this two-dimensional form 
may be applied to the present work, since both @ and 6* 
are small compared to the cross-section radius and their 
variation with x is also small. Data were taken at 
several stations along the nozzle, and hence, values of 
dé/dx and dP/dx are known. Thus, Eq. (7) may be 
evaluated numerically; for the J = 9.07 case at Station 
A the last term is approximately 1.70 & 10~4, or 20 
per cent of the C; value, with the pressure independent 
term, 2(d0/dx), accounting for the remaining S80 per 
cent. To this extent, then, the pressure gradient may 
influence the rate of growth of the momentum thickness. 

Ludwieg and Tillmann,'’ reporting turbulent measure 
ments for incompressible flow with negative pressure 
gradients, showed a small C; increase over the constant 
pressure case; Lobb et al.'* do not attribute to the 
favorable gradients in their experiment a significant 
effect on their skin-friction coefficients. Chapman and 
Kester*® have given specific data at \J = 1.92 indicating 
that the turbulent skin friction is not significantly af- 
fected by pressure and Mach Number gradients numer 
ically comparable to those obtaining for the present 
measurements, and Dhawan" has given some data at a 
low supersonic Mach Number indicating a small effect 
of pressure gradient on skin friction. The question of 
the effect of pressure gradients on skin-friction measure- 
ments requires further research, and it is important to 
emphasize that the present data were obtained in the 
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presence of favorable pressure gradients. It is antici 
pated that at high Mach Numbers practical applications 
will require skin-friction data under comparable condi- 


tions. 


Skin Friction 
In Table 2 the numerical values of skin-friction coef- 
ficients were given together with the corresponding 
Reynolds Numbers. The significant Reynolds Num 
ber for wall measurements against which skin friction 
is plotted may be based on momentum, displacement, 
or total boundary-layer thickness.¢ In Fig. 4 the data 
are plotted vs. Re; where the line representing turbulent 
flow has been derived from Eq. (4), with the velocity 
and viscosity terms written in terms of C, and Res. 
(9/4) a’ + b’ log [Re;‘C, (Ss 
(3). The 


data points shown in Fig. 4+ are connected by a smooth 


and the laminar curve is derived from Eq. 


curve, since calculation of similar points at intermedi 
ate Py The 
peak of the curve indicates the edge of the transition 
10,000) at 
That the 


values indicates a variation as shown. 
region and the Reynolds Number (Re; ~ 
which the turbulent flow is fully developed. 
experimental points do not lie on the solid line, Eq. (8), 
as derived from Eq. (4) is not surprising, since the 
values of the constants a, 6 used were not originally de 
termined under hypersonic conditions. Of even more 
significance, as pointed out by Chapman and Kester,’ 
is the fact that the semiempirical mixing length theory 
of Prandtl and von Karman does not provide additional 
constants of integration when applied to compressible 
flow in a boundary layer. Therefore, it does not seem 
pertinent to re-evaluate a and 6 from the present data. 
It is of more interest to plot C, as a function of a Reyn 
olds Number, Res, whose significant length is momen 
tum thickness. Data are lower Mach 
Numbers, both with and without pressure gradients, 
under conditions of natural and transition to 
turbulent flow and for both cylindrical and plane sur- 
faces. Data from several sources® '* '? are compared 
with the results of the present report in Fig. 5. They 
indicate a decrease in skin-friction coefficient with in- 
crease in Mach Number. The data of Coles at low 
Mach Numbers are most readily comparable to the 
present work. The value of 
Re, = 2,000 is needed to complete the transition to 
fully developed turbulent flow. At J1/ ~ 9 our data 
show that a value of approximately 1,500 is required. 


available at 


forced 


former indicate that a 


This may be somewhat surprising because at the higher 
Mach Numbers the laminar sublayer is relatively thicker, 
and it might be expected that larger Re, values would 
be required to provide fully developed turbulent flew. 
However, as is clear from Fig. 2b, the turbulent layer 
follows a lower power law development, index 1 ~ 5, 
as compared to lower supersonic power law develop- 
ments where the index has generally been found to lie 

t Coles!’ has discussed the uniqueness of fully developed turbu- 
lent boundary layers and the correspondence between local fric 


tion coefficients and Reg 
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between 7 and 9. Consequently the turbulent flow 1 
hypersonic streams develops more rapidly to free-str 
conditions than supersonic flows at lower Mach Nu 
ber but higher Reynolds Number. The diiferences as 
well as the similarities of the various data must bh 
taken into account when comparison is made, since these 
differences could contribute to the apparent scatter of 
the results. 

30th the NOL and APL data are taken with moder- 
ately large heat-transfer rates. It must also be noted 
that the present data and that of Brinich and Diaconis! 
are taken on cylindrical surfaces, whereas for all th 
other data the flow was presumably two-dimensional. 
axial flow data is available as r 
Numbers 


Another source of 
ported by Chapman and Kester*® for Mach 
0.S1, 2.15, and 3.6. Their data are not shown on Fig 
5 because values of the momentum thickness were not 
included; their work gave the skin-friction measure 
ments as a function of Reynolds Number based on 
model length. A rough computation, however, of the 
approximate range of Re, values of their experiment 
indicates that their data fall within the appropriate 
range of C, values given in Fig. 5. 

Fig. 5 shows the usual behavior of skin-friction coef 
ficient as a function of Reynolds Numbe1 where the 
curves at constant Mach Number approximate the 
slope of the 1/7 = 0 line. 
Numbers the ratio of Cr/Cr, or C, Cy. is generally in 


useful 


At low supersonic Mach 


and it 1s 
In Fig. 6 this has 


dependent of Reynolds Number, 


therefore to plot Cr Cr, vs. M 
been done for the data shown in Fig. 5. The theory of 
Wilson,'’® which appears most applicable has been 
plotted for constant Reynolds Numbers. Values of 
Re, of 2,000 and 7,000 were chosen to cover the range of 
interest in Fig. 5. Where possible, the data points 
shown in Fig. 6 were interpolated from Fig. 5 to give 
corresponding C, C;, at both Reynolds Numbers. In 
the case of the Chapman and Kester data, exact Re, 
values were not known, but the range of length Reyn 
olds Numbers given and the fact that at lower Mach 
Numbers the C, Cy, values are less dependent on Reyn- 
olds Number, justified The data 
of Coles interpolated to Re, = 2,000 are all above the 
curve, and this may reflect the test conditions where 
in this case the flow was still near or in the transition 
7,000 


including them. 


region. On the other hand his values at Re, = 
are in good agreement with the theory and the trend of 
the other experimental data. 

The data at Mach Numbers above 5 show the effects 
of heat transfer and pressure gradients. These pa 


t The expression for Cr given by Wilson is 


sin! 73 ().242 
= ve hc uv. ) —_ 
Vo - VCE 


y— 1 
logy, (CrRe) — 0.768 tog (1 L Co- = M :) 0 


where o is a simple function of 17,, and Cg is taken as 0.88. In 
order to evaluate this in terms of Reg, the momentum equation, 
Eq. (8), with zero pressure gradient and two-dimensional flow 


was used 
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rameters need to be examined in more detail theoretically 
in order to see how they may influence skin friction. 
Two theoretical curves derived from the heat-transfer 
theory of Van Driest'® have been plotted? in Fig. 6, 
and indicate the effects that heat transfer may have 
on skin friction at high Mach Numbers. The two cases 
chosen are, in Van Driest’s notation, for the case where 
T,,/7T.. = 8.0 and the insulated case where 7,,/T 
varies from 21.0 at M = 10 to 1.8 at WM = 2. The 
present data (see Table 2) shown near J/ 8.25 and 
M = 9 correspond to tPA lige 
It is therefore evident that although the Van Driest 


values of about 7.2 to S.7. 


theory predicts skin-friction values some 40 per cent 
higher than the data, the effect of heat transfer in his 
theory is commensurate with the difference between 
our measurements and the zero heat transfer theory 
(see Wilson). Seiff, as reported by Abbott,'’ has ob- 
tained skin-friction data at WZ = 3.9 and at IJ = 7.25 
under conditions of very high heat-transfer rates. His 
data obtained by firing a cylinder upstream through a 
M = 2 air stream at Re ~ 5 to 7.5 X 10 indicate a 
much higher C,, in fact in line with the Van Driest 
insulated case. 

It may be concluded that for Mach Numbers up to 9 
with low or moderate heat-transfer rates the coef- 
ficient of skin friction is known to within about 5 per 
cent from experimental measurements. At the higher 
Mach Numbers the effects of pressure gradients and 
heat transfer must be taken into account, and the need 
for adequate theoretical treatment of these effects is 


evident. 
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Some Effects of Viscosity on Wing-Body 


Interference 


T. R. RHEEST anp W 


Vniverstty of 


ABSTRACT 


Interference distribution data were obtained at 
VW = 1.9 for the body of a flat rectangular wing-cylindrical body 


combination with a laminar boundary layer on the body. The 


pressur¢ 


results are compared with earlier experimental results obtained 
with a turbulent boundary layer on the body and with the 
linearized inviscid theory of NACA TN 2677 

The experimental results agree well with theory except for 
viscous effects not predicted by the theory. 

Qualitative similarity of the shock-wave and laminar boundary- 
layer interaction to the two-dimensional case is noted 

Body lift loading due to interference for two configurations rep- 
resenting missiles with wings or control surfaces near the tail is 
discussed 


SYMBOLS 


Cy, = pressure coefficient, (Pp — pi)/[(p:/2)) 

J, = free-stream Mach Number 

t = static pressure at any particular body orifice, lbs. per 
sq ft 


= static pressure at any particular body orifice, body 


alone, lbs. per sq.ft. 


R= radius of cylindrical body, in. 

V, = free-stream velocity, ft. per sec 

Y = distance from leading edge of wing, in 

ag = body angle of attack, zero in all cases 

aw = angle of attack of the wing, radians 

8 = VM?-1 

6 = angle between meridional plane under consideration 


and the horizontal plane, deg. 
p, = free-stream density, slugs per cuft 


(A) INTRODUCTION 


i’ THE PAST FEW YEARS there has been considerable 
experimental and analytic study of the two-dimen- 
sional problem of the interaction of a shock wave and 
the boundary layer on a flat surface. In practice, 
however, the configurations in which shock waves 
interact with boundary layers are generally three- 
dimensional. Wing-body combinations usually give 
rise to problems of the latter type. 

Some of the methods that have been developed for 


computing the effects of wing-body interference on 
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pressure distribution in a supersonic flow have been 
summarized and compared by Lawrence and Flax! and 
Phinney.” A method of solving a wide class of wing- 
body interference problems is presented by Nielsen and 
Pitts,* with a numerical application to the case of a 
flat rectangular wing mounted at an angle of attack 
on a cylindrical body at zero angle of attack. The ex 
tension of the method for the body at an angle of attack 
has been made by Bailey and Phinney‘ and by Pitts, 
Nielsen, and Gionfriddo.° 

The experimental interference pressure distribution 
on the body of a wing-body combination in a super 
sonic flow differs from the theoretical inviscid pressure 
distribution due to two effects: 
subsonic velocities in the boundary layer permits up- 
pressure disturbances within 


(1) the presence of 


stream propagation of 
the subsonic portion of the boundary layer, thus in- 
fluencing the flow field ahead of the Mach cone whose 
apex is at the disturbance; and (2) the sharp pressure 
gradients that may exist in a supersonic stream can 
induce sizable cross flows in the three-dimensional 
boundary layer and even separation of the boundary 
layer. 

For the particular wing-body combination used in 
this investigation, Bailey and Phinney® ‘ have presented 
the theoretical inviscid interference pressure profiles 
on the body and experimental interference pressure 
profiles measured with a turbulent boundary layer on 
the body. 

It was the purpose of this investigation to obtain 
the interference pressure profiles on the body with a 
laminar boundary layer on the fore body and to com- 
pare the results with the experimental results for the 
turbulent case** and the theoretical. pressure dis- 
tribution predicted by the method of Nielsen.’ In 
addition, it was desired to compare the predicted body 
lift due to interference for two possible wing-body con- 
figurations with the experimental force when the 
boundary layer on the body was laminar and when 
turbulent. 

The Reynolds Number for these tests, based on a 
2-in. model body diameter, was 7 X 10°, which corre 
sponds to an actual missile of 2-ft. diameter flying at 
Mach Number 1.9 at 90,000 ft. 


(B) EQUIPMENT AND PROCEDURE 


The experiments were conducted in the University of 
Michigan 8 by 13 in. Intermittent-Flow Supersonic 
Wind Tunnel,* Mach 1.9 channel. 
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(1) Description of Model 


The model consists of a cylindrical body and two 
half-wings, Fig. 1. The model is the same used by 
Bailey and Phinney® 
piece, ensuring a laminar boundary layer on the body 
Use of the same model permits a 


7 except for use of a shorter nose 


in the test region. 
direct quantitative comparison between the results 
obtained for the laminar case and the results reported 
for the turbulent case. 

The model body is a hollow circular cylinder, with 
a 2-in. outer diameter and a 1! »-in. inner diameter. 
The nose piece is 2° 1, in. long and tapers to an inlet 
diameter of 1° yj, in. The chord of the half-wings is 
2 in. and the half-span is 2' in. The wing section is 
flat on one side and double-wedge shaped on the other, 
with a wedge angle of 10° at the leading and trailing 
edges. 

The body contains 92 pressure orifices arranged in 
21 meridional planes, with | in. between the orifices in 
each meridional plane. In the present investigation, 
14 of the pressure orifices in the upper quadrant were 
used. 

The two half-wings are rigidly supported by brackets 
outside the test section. The sealing of the wing-body 
juncture was accomplished by mechanical contact at 
flat spots on the side of the body. The maximum gap 
encountered was slightly greater than 0.008 in. at the 
leading edge of the wing. 

The axial position of the body may be varied about 
1' . inches by axial movement of the strut attachment 
at the top of the tunnel. Since the half-wings are fixed 
with respect to the tunnel, this axial movement of the 
body permits the measurement of pressure profiles on 
the body in the presence of the wing. The axial posi 
tion of the body and thus the orifice locations with 
respect to the leading edge of the wing was determined 


within +0.003 in. 


(2) Instrumentation 

The static pressures were measured with mercury 
manometers which were photographed during the test 
run, permitting an accuracy in the measurements of 
| per cent of the ambient static pressure. 

Schlieren photographs of each configuration were 
obtained. 

A modified china-clay technique was used to illus 
trate the flow in the boundary layer close to the sur- 
face of the body. The drying time was controlled so 
that a dry film was obtained for the laminar boundary 
layer and a wet surface would aid in identifying a region 
of separation. The china-clay pattern was also useful 
in locating the traces of shock waves on the body and 


wing surfaces. 


(3) Experimental Procedure 

Prior to taking data, two runs were made with the 
body alone: (1) visual schlieren showed nose shock 
attached and no blocking; and (2) china-clay pattern 
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indicated a laminar boundary layer over the fore part 
of the body. 

For all runs, zero body angle of attack with respect 
Pressure data were 


to the free stream was maintained. 


with the half-wings positioned at +82 


The variation of angle of attack set 


obtained 
angle of attack. 
ting between runs was negligible. Pressure data were 
also obtained for the body alone. 

The china-clay pattern was checked on every run to 
ensure that the boundary layer ahead of the Mach 
helix originating at the juncture of the leading edge of 
the wing and the body remained laminar, and pressure 
readings in three meridional planes were plotted after 
each run to check immediately the reliability of the 


pressure data for that run. 


4) Data Preparation 


The pressure measured at any one orifice with the 
body alone in the tunnel may be written 


AD induce d 


Pmeasured Pooas alone 


where Ppody alone 1S the pressure on the body alone in a 
uniform flow and is a function only of the geometry of 
the particular body and APjnguceq 18 the incremental 
pressure induced on the body alone due to the wind 
tunnel flow nonuniformities and is a function of the 
body geometry and the flow nonuniformities. 

If the wing is introduced into the flow, the meas 


ured pressure becomes 
Pmeasured = Poody alone T Ap induced T AD ictartamencs 


where Ppody alone 1S aS defined above, AP’ jngucea iS the in 
cremental pressure induced on the body in the presence 
of the wing due to the wind-tunnel flow nonuniformi- 
ties, and ApPinterference 18 the incremental pressure in 
duced on the body in a uniform flow due to the presence 
of the wing. Uniform flow is the condition usually 
encountered in free flight but is extremely difficult to 
obtain in a wind tunnel. 

Provided APinterterences APinduced: 294 AP’ inaucea afé 


small quantities, 


AD nduced Ap induced 


so that a simple subtraction of the pressure on the body 
alone from the pressure on the body in the presence of 
the wing gives APinterferences Which is the desired result. 
Actually, there is between 
APinterference ANd APinauceay AS evidenced by a small axial 
shift of a weak tunnel shock observed in the body- 


some interaction 


alone pressure data when the wing is introduced into 
the flow. This shift was taken into account when 
fairing the raw experimental pressure curves. 

The experimental interference pressure profiles were 
obtained by a simple subtraction of the faired pressure 
profiles for the body alone from the faired pressure pro- 
files of the wing-body combination. In this manner, the 
effect of tunnel flow nonuniformities is eliminated as 
far as possible. 

The zero base for all curves presented herein is the 


static pressure measured on the body alone. It should 
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OF Viscosity ON 


be noted that, although the curves are in effect non- 


dimensionalized for presentation, they apply strictly 


only for the particular angle of attack used. It has 
been Observed that the pressure distribution on the 
body, presented in terms of BC, ay, is affected by the 


ingle of attack of the wing. 


C) RESULTS AND DISCUSSION 


From the schlieren photograph of the body alone, 
Fig 
it a point 6 in 
Fig. 3 shows a somewhat thicker boundary 


2, the laminar boundary-layer thickness measured 
from the nose is between 0.025 and 
0.030 in. 
layer at this position after the wing has been intro- 
duced. For comparison, the compressible laminar 
boundary-layer thickness for 6 in. of flat plate is deter- 
mined theoretically to be 0.029 in.’ In subsequent 
references to the upstream influence of the interference 
pressure in terms of boundary-layer thicknesses, the 
thickness will be assumed 0.05 in. 

Experimental interference pressure profiles for four 
representative meridional planes and the corresponding 
theoretical profiles are plotted in Figs. 6a, 6b, Gc, and 
jid. Inasmuch as the theory cannot be applied down- 
stream of the trailing edge Mach helix of the wing, the 
theoretical pressure was assumed to decrease abruptly 
to ambient pressure along that helix. All interference 
pressures were measured on the quadrant of the body 
above the flat surface of the wing, with the wing fixed 
angle of attack. Since the model is axially 
symmetric and the body was maintained at zero angle 


at +8.2 


of attack, the pressure data measured for the two angles 
of attack of the wing in effect gave the pressure distri- 
bution on the body in the presence of a plate-plate wing. 
In a comparison of the experimental results with 
theory, for a particular meridional plane of the body 
Fig. 6), two factors affecting the axial position of the 
The 
theoretical pressure discontinuity occurs along the 
Mach wave helix originating at the linearized position 
of the wing-body leading- and trailing-edge junctures 
Since the wing plane is actu- 


wing-body phenomena must be considered: (1 


i.e., in the plane @ = 0° 
ally inclined 8.2°, the helices are shifted axially from 
the linearized position by an amount XY BR = 0.15. 
2) Occurrence of the actual finite pressure jump along 

an inclined sheck, rather than a Mach 


the trace of 


wave, introduces a wave-angle error. 
-8.2 


1) Wing at Angle of Attack 


For a negative wing angle of attack, a compression 
occurs over the flat surface of the wing. In an ideal 
fluid, the interference pressure coefficient on the body 
is zero ahead of the Mach helix generated at the lead- 
ing-edge juncture; the pressure rise at the helix is a dis- 
continuous shock jump, followed by a continuous axial 
pressure gradient due to the interference potential 
field. The magnitude of the shock jump at the leading- 
edge helix is continuously attenuated as the shock 
moves around the cylinder, diminishing to zero theo- 


retically at the 6 = 90° meridian are. 


W 


I 
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Experimentally, with laminar boundary layer on the 
body, upstream propagation of the pressure disturbance 
varies from about 30 boundary-layer thicknesses in the 
é= 10 
in the # = 
boundary-layer profiles (Fig. 6 


plane to about 60 boundary-layer thicknesses 
90° plane. A comparison with the turbulent 
shows the upstream 
propagation is greater in terms of actual distance for 
the laminar case, and in terms of the respective bound 
ary-layer thicknesses the laminar propagation is 7 to 
10 times that in the turbulent case. In the laminar 
case the propagation extended to the region of the 
most forward orifice, and the experimental data did not 
clearly indicate the maximum extent of the upstream 
The values quoted above are therefore 
conservative. The effect of the character of the bound 


ary layer on the extent of the upstream pressure prop 


propagation. 


agation is in qualitative agreement with experimental 
results for the interaction of shock waves and boundary 
layers on a flat surface." 

The pressure profiles show a plateau of slightly in 
creased pressure, characteristic of the laminar case, ex 
tending upstream from the main shock pressure rise, 
indicating a bubble of dead air or region of flow sepa 
ration. At the higher meridians the separation region 
is more extensive. The china-clay pattern in Fig. 4a 
indicates separation where the surface is still wet ahead 
of the Mach helix on the upper part of the body. The 
variation with @ of the extent of upstream propagation 
and separation is due in part to the cross flow of the 
low inertia air in the boundary layer, which results in 
an accumulation of air along the top of the body. This 
cross flow is produced by the component of the shock 
induced velocity which is normal to the free-stream 
direction. Figs. 4a and 4b show that the cross flow 
is stronger in the laminar boundary layer and illustrate 
the deviation of the flow near the body far ahead of the 
Mach helix, which is characteristic of the laminar case. 

The schlieren photograph, Fig. 3, shows considerable 
thickening of the laminar boundary layer ahead of 
The plane portion of the shock wave origi 

the line 


main 


point b. 
wing leading edge is the black 

the 
at point b and con 


nating at 
a. The 

plane of the body commences 
As the compressive Mach waves 


pressure rise in top meridional 


tinues to point c. 
travel outward from the body, they coalesce into a 
shock wave evidenced by the dark line d. The light 
region e represents the Prandtl-Meyer expansion at the 
trailing edge of the wing. The flow overexpands slightly 
and is recompressed by the shock wave following the 
Prandtl- Meyer expansion. 

for the 


The experimental distributions 


laminar case in Figs. 6a, 6b, and 6d exhibit the initial 


pressure 


overcompression that has been observed experimentally 
in investigations of the interaction 
of a shock wave and the laminar boundary layer on a 
The degree of this overcompression 


two-dimensional 


flat surface.’ |! 
appears to vary with the axial pressure gradient of the 
pressure jump. No overcompression is noted in the 
meridional plane @ = 60°, Fig. 6c, where the gradient is 


relatively weak. The pressure rise associated with the 
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leading-edge shock occurs later for the laminar bound- 
ary layer than for the turbulent boundary layer. It 
is initiated at about the position of the actual trace of 
the leading-edge shock on the cylindrical body. Vis 
cous effects result in a pronounced smoothing out of 
the pressure rise due to the shock. 

The experimental maximum pressure coefficient for 
the laminar case agrees more closely with theory than 
that for the turbulent boundary layer. 

\t the trailing-edge expansion, for low values of @ 
both the laminar and turbulent pressure curves over- 
shoot the ambient pressure and then begin to approach 
it asymptotically. The pressure behavior downstream 
of this point is uncertain due to flow nonuniformities 
and the reflection of the body nose shock which strikes 
inthis region. The large disturbance from the wing-tip 
and wing support trunion also begin to affect the flow 


in this region. 


2) Wing at +8.2° Angle of Attack 

For positive angles of attack an expansion wave orig- 
inates at the leading edge of the wing. Experiment- 
ally, this expansion wave is preceded at small values 
of @ by a weak shock, probably a continuation of the 
strong shock wave on the compression side. It is a 
weaker compression in the laminar case but does not 
otherwise differ greatly from the turbulent phenomenon. 

The upstream propagation of the pressure disturb- 
ance in the laminar case varies from about 20 bound- 
ary-layer thicknesses in the 6 = 10° plane to about 
30 boundary-layer thicknesses in the 6 = 90° plane. 
This is again greater than the propagation observed 
with the boundary layer turbulent but somewhat less 
than for the negative wing angle of attack. 

The expansion pressure profiles over the flat surface 
of the wing are similar for both the laminar and turbu- 
lent cases. However, the pressure rise is delayed 
slightly at the higher values of @ in the laminar case 
and the peak pressure coefficient is not as great. Due 
to the fan-like nature of the Prandtl-Meyer expansion, 
the axial pressure gradient is reduced as @ increases. 

The pressure gradient on the body at constant Y 8R 
induces cross flow in the boundary layer, illustrated 
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TABLE 1 
Interference Body Lift 


One Chord Length 
Afterbody, lb 


Zero Length 
Afterbody, Ib 


Linearized theory 0.612 2 998 
Laminar boundary layer 0.644 3.014 
Turbulent boundary layer 0.991 3.263 


by Figs. 5a and 5b. This cross flow is much more 
pronounced for the laminar boundary layer. The 
china-clay patterns again show the upstream flow devi 
ation characteristic of laminar boundary-layer inter 
action, but no separation or pressure plateau is asso- 
ciated with an expansion. 

A compression originates at the trailing edge, and the 
pressures begin to approach the ambient static pres- 
sure. 

The maximum pressure coefficients over the flat sur 
face of the wing at a positive angle of attack are con 
siderably less than for the wing at negative angle of 
attack. 

The above differences between the effects of inter 
action of an expansion wave and interaction of a shock 
wave with a laminar boundary layer have been experi 


mentally observed elsewhere. 


3) Lift on the Body due to Wing-Body Interference 


The lift force on the body at zero angle of attack 
due to the presence of a flat-plate wing at an angle of 
attack was obtained by integrating the body pressur« 
profiles. Since the lift is clearly dependent upon the 
amount of body downstream of the trailing edge, re 
sults were obtained for two different lengths of after 
body: (1) zero length—1.e., the body is assumed to 
terminate at the trailing edge of the wing; and (2) one 
chord length. The limitation of one chord length is 
necessary because of the effects of the disturbances 
mentioned in Section (C) (1) on the body downstream 
of this position. The results are presented in Table | 
as the lift force in pounds induced on the body by the 
wing. 

The force on the body with laminar boundary layer 
slightly exceeds the force predicted by the linearized 
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theory for both lcugths of afterbody. In the turbulent 
case the experimental force exceeds the theoretical 
value by 62 per cent for zero afterbody and 9 per cent 
for one chord length afterbody. 

The prediction of the interference lift on the body 
using the linearized theory appears conservative for 
the lengths of afterbody considered, regardless of the 


character of the boundary layer. 


(ID) CONCLUSIONS 


With a laminar boundary layer on the fore body of 
the wing-body combination, the experimental pressure 
distribution on the body is in good agreement with 
linearized theory. With a turbulent boundary layer 
on the forebody the deviation is greater. 
inviscid theory* appears adequate for the prediction 


The linearized 


of the body interference pressure distribution. 


The singular viscous effects noted for the laminar 
boundary-layer interaction are: (1) upstream prop- 
agation of the pressure disturbance from the wing, as 
much as 60 boundary-layer thicknesses; (2) local sepa- 
ration of the laminar boundary layer, with a plateau 
of slightly increased pressure ahead of the shock pres- 
sure rise; (3) overcompression associated with sharp 
axial shock pressure gradients. 

Although the viscous effects are strikingly evident 
in the pressure profiles for the laminar case, their effect 
on the body loading is not pronounced. For short 
lengths of afterbody the body loading in the turbu- 
lent case may differ substantially from the predicted 


value. 


flection of Shock Waves from Boundary Layer 
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Analvsis of the Plastic Collapse of a Cruciform 
Column with Initial Twist, Loaded in 
Compression 


J. F. BESSELING* 
National Aeronautical Research Institute, Amsterdam, Holland 


SUMMARY 


rhe large influence of very small, and therefore unavoidable, 
imperfections upon the ultimate compressive load of a cruciform 
column according to the incremental or flow type of mathematical 
theory of plasticity has been demonstrated by Onat and Drucker 

In this paper the process of plastic collapse of a cruciform col 


with initial twist is further analyzed. In contrast to the 


model of Onat and Drucker, the flanges are treated here as solid 
plates. The ultimate compressive stress is determined by a 
step by-step procedure, using a simple isotropic flow theory It 
is found that collapse is not connected with an ordinary buckling 
failure, but is caused by a drop in the compressive stress for com 
pressive strains exceeding the critical strain and accompanied 
by not yet very fastly growing twist. This drop is due to the 
interaction of compressive strain and shear strain in the plastic 


stress-strain relations 


SYMBOLS 


= kronecker delta; 6;; = 1if 7 = 7, 6;; = Oif a 
¢ = strain tensor 
€ = isotropic strain, « =(1/3)(e te +e 
strain deviation tensor, ¢;, = €;; — €6 
e;j", ¢ = notation (”) for permanent strains 
og = stress tensor 
a = isotropic stress, o = (1/3) (or, + o, +0 


stress-deviation tensor 
=0¢0 — 06 
J = second invariant of the stress tensor 


l 1 = 
J, = - a8 SBak = : } » Sa SBar 
-a B 


> 


summation convention 


G = elastic modulus of rigidity 
Gl = tangent modulus of rigidity 
( = secant modulus of rigidity 
= h 
\ = h/b 
=z ¢,/3( 


(1) INTRODUCTION 


ie THE ELASTIC RANGE a configuration of flat plates, 
loaded in their plane, becomes unstable at a certain 
load, the buckling load. For plates with initial deflec- 
tions the load, at which the deflections start to grow 
fast, lies close to the buckling load if the initial deflec- 
tions are small, and this load decreases but slowly for in- 
creasing initial deflections. Therefore, the theoretically 
derived buckling load can be verified experimentally, 
even if the test specimens are not perfectly plane. 

If reaching the ultimate load together with fast 
growing deflections is taken as a criterion for the 
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buckling load in the plastic range, a large discrepancy 
is found between the experimental value of the buckling 
load and the theoretical value, computed by means of 
the flow theories, which must be considered to be the 
best founded mathematical theories of plasticity. Onat 
and Drucker have given an important contribution to 
the clarification of this paradox. For a simplified 
model of a cruciform column with nonrestrained ends 
they demonstrated the large influence of very small 
initial twist upon the ultimate compressive load ac 
cording to the flow theory. Subsequently the scope 
and limitations of the classical buckling theory have 
been discussed extensively by Hoff’ and by Drucker 
and Onat.* From reference 8 the important role that 
imperfections may play in the stability of inelastic 
systems has become indisputable. In this paper a 
further analysis will be given of the collapse mechanism 
for the cruciform column with initial twist. In con 
trast to the model of Onat and Drucker the cruciform 
cross section will not be taken as a thin shell of con 
stant thickness, but it will be trcated here as having a 
solid cross section. It will be demonstrated that the 
collapse mechanism is of a nature entirely different 
from the ordinary buckling failure. In fact, reaching 
the ultimate load is not connected with a limit of sta 
bility of the untwisted configuration, but with a drop 
in the compressive stress for increasing comprcssive 
strain accompanied by growing twist, caused by the 
interaction of compressive strain and shear strain in 
the stress-strain relations for the plastic range. The 
computations were performed by a step-by-step pro 
cedure, using a simple isotropic flow theory. 

(2) STRESS-STRAIN RELATIONS 


Compression of a cruciform column with initial twist 
is a process of nonuniform loading. Therefore prop 
erly the anisotropic flow theory of reference 3 should be 
used. However the principal directions of the stress 
tensor and the value of Lode’s coefficient change but 
slowly and then there is not a pronounced difference 
between the results of the anisotropic and the isotropic 
theory. For an understanding of the collapse mecha 
nism the isotropic theory is considered accurate enough 
to justify the avoidance of the complications of the 
anisotropic theory. A further simplification of the 
computations is obtained by approximating the stress 
strain curve of the material by two straight portions, 
the elastic line and the plastic line. 
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in the midplane of a flange (see Fig. 2) the expression 
w= ¢gxy/h 3.1 
Equatt 
Then each straight line parallel to the axis becomes a 
5 
helix. According to plate theory the deflection w gives 
5 / 
rise to the following strain quantitics the fol 
€r,) = 2[0°(w — wo) /0,"] = 0 
O-(w — Wo 
~~ * Oyv- =? ou The st 
O-(w — 2 
é =, = = (¢ — go)2/h 
0,0, 
if w) = go xv/h represents the deflection due to initial where 
twist. To this nonuniform state of deformation is 
added a state of uniform deformation following from 
x vz the compression of the column. The total state of 
ras deformation is given by the strain quantities 
Y | 
e , 
a e, ee, = —(1/2)e., 
: ; - , e = (0 — w)s/hk =e aon 
Fic. 1. (left) Geometry of cruciform column. Fic. 2. (right se 2 s 7 . is Furth 
Coordinates and deflected shape of flange e, = —(1/2)e:, 
- ; : : ‘ : from which the parts 
rhe stress-strain relations of the isotropic flow 
theory, first given by Prager, are used in the form given e subst 
7 : , Subst: 
in reference 3. e,” = —(1/2)e,", e a 
” ” é ” = — ( l Y e, - | 
s 1 # MCs; — Cry ) (One — Onze ) ? 
68;, = 2G | 6e;; — (1 — pw) be; 4 
‘. P? are permanent. <= 
(2.] The state of stress is defined by 
‘i a Ss, = (2/3)¢ T = T 
If (En, — nx )6€,, > O, where = , 2 By pu 
ao = (1/3)oa,, sy, = —(1/3)o (3.4 
P? = (e;; — €4;") (ey — €4”") = Jo/2G (2.2 ea Ree 
and cai ne re, ere ; 
It is assumed that the stress distribution may be 
u =G,/G (23 represented by closed circuits of equal shear stress, 
The initial elasticity limit is defined 1 oe following the contour of the cruciform section at a 
le initial elasticity limit 1s defines rae al Vi : . . Thi , “3 sey Os 
as ; efined Dy es ae fixed distance. This system of stresses is in equilibrium Eq. (: 
of Jo. 1e increments of permanent strain follow . a are ; = 
, I ent strain follow from and is compatible with the stress distribution, which 
(€:; — ei") (Cnn — ene”) follows by means of the stress-strain relations from the _ 
. ” tj ‘ A - 2 
ps = = . ‘ : ene pel : n the 
”" (1 — #) P? OE nk state of strain defined in Eq. (3.3), except for the very 
(2.4 outer ends of the flanges, where the lines of equal shear 
-_ stress had to be closed to circuits in order to restore nd fe 
‘ ‘ equilibrium. The assumptions concerning stress and ™ 
(3) INCREMENTAL RELATION BETWEEN COMPRESSIVE sth eee “ - becon 
si q ie strain are equivalent to considering the solid cruciform stress 
STRAIN AND THE ANGLE OF TWIST ay ‘ 
as composed of thin concentric shells each of the type 
The geometry of the cruciform column is given in Onat and Drucker choose. The shells are connected 
Fig. 1. Asin the paper of Onat and Drucker, the ends by the requirement that each suffer the same twist Howe 
are considered to be unrestrained and failure by twisting and the same axial compression. (The well-known Eq. | 
will occur. The kinematics of the twisting process are small deflection theory of elastic thin plates leads to stress 
described by taking for the small deflection w of a point the same stress distribution.) given 
twist 
- = = = ' 
step | 


The external twisting moment due to the compression is given by 


h/2 _ 1/2 } 
M,=4 f o,dz f #3 y dy = b? ¢ f o,d¢ (3.5 
—(h/2) Ss £2 * 3 —(1/2 


where ¢ =2/h (3.6 Th 


aia ° ° . ~ - ” ance 
rhe twisting moment of the internal stresses follows from (h/b < 1) 
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M, = 4-26 / T; 202 = S8bdh’ J Ts tdt aa 

Equating the increments of the external and internal moments and putting 
\ = h/d 3.8 


the following equation is obtained 


1/2 1/2 "1/2 
6A- OT, y d= 60,d¢ + 6¢ | C- Ge 3.9 
1/2 -(1/2 1/2 


The stress-strain relations can be written in the form 


: 2/9\s 2 : s, | 9 , os 
60, = (3/2)6s, = 3G ) 4,6, + Ary0€z,; = 9G ) d,6€ a a,Cb¢4 
3.10) 
57,, = 2G }b,6e, + b,,6e,,; = 2 G)\b,6e, + b,,fb¢; 
where according to Eqs. (2.1), (2.2), and (3.3) 
' : (3/2) (e, — e,”)? 2(e, — er”) (Czy — Cry” 
1 = —= | — ) - a, = —'| = ) 
( v1 P: ry M P? 
(3/2) (e, — e,”) (€, — ery”) FE. = Czy 3.11) 
6b, = -(1 - bh) b =]-(1- M ( 
P? : P 
P2 = (3/2) (e, — e,”)? + 2 (€zy — xy’)? 
Further, the increments of permanent strain are given by Eq. (2.4) 
6e,” = (1 — a,)ée, —a,,fb¢ | - 
—— ‘ } av? 3.12) 
ée,,” = —b,6e, + (1 — b,,)éd¢h 


Substitution of Eq. (3.11) into Eq. (3.9) leads to 


| pe1/2 e1/2 
o| a,dgé — 4d? bt | 6e, 


L. ~ e 


By putting 





71/2 n1/2 1/2 ) 
I, = | a.d@¢. i. = | a,,tat, I; = bidet = { I] 
1/2 J —(1/2 ‘ 2 
1/2 3.14 
1D to 0; Silvis «2 
I; = [ b /§ dé A a — 2 1 16¢ i Ts6.0; 
e 1/2 3G 
Eq. (3.15) is written as 
ly I; = 1°] be, = [4r°J, -— I, = A jog 2.1o 
In the elastic range 
q; = |, I, = 0, I; = O, I, = 1/12 3.16 
and for A = (1/3)A? follows from Eq. (3.15) 6¢/6e, = ©. If go = O (perfectly straight column) the value of é¢ ée, 


becomes indefinite for A = (1/3)A*, which means that the limit of stability is reached. Hence the elastic buckling 


stress is given by 


G A? = G (h b)? 3.17 
However, for a perfectly straight column in the plastic range only the value of J; differs from the values given in 
Eq. (3.16) according to the expressions (3.11) and (3.14). Therefore, Eq. (3.17) gives also the plastic buckling 
From experiments it is known, however, that in the plastic range collapse takes place far below the stress 
given by Eq. (3.17). 


stress. 
Onat and Drucker have demonstrated in reference 1 the large influence of very small initial 
twist upon the ultimate load. In the next paragraph the process of plastic collapse will be analyzed by a step-by- 
step procedure using Eq. (3.15). 


PLASTIC COLLAPSE BY A 
STEP-BY-STEP PROCEDURE 


1) ANALYSIS OF THE the cruciform cross section is taken as a thin shell of 


constant thickness. The value of \ = h,6 is taken 
The dimensions of the column are chosen in accord- 


ance with those of the model used in reference 1, where A cruciform column having a solid cross section with 
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Fic. 8. Quantities, governing the process of plastic collapse, as 
a function of the compressive strain 


this value of \ has the same buckling stress as the model 


of reference | for h 6b = 0.1. From Eq. (3.17) the 


buckling stress is 

G7 = CF 0.030 G 
As in reference | it is assumed that o,., = 2 ¢,,.. Thus 
the elasticity limit lies at 

Ks = Ce, /Z = OOISG 
For uw was taken in reference | 

= Gt G —_ 0.05 
In order to get a reasonably fast approach of the ulti- 
mate load in the step-by-step procedure, the initial 
twist is taken 
go = LO 

i.e., a little mere than the largest value, considered in 


reference |, as (see reference | ) 


to 


2b By = 2b = = 
h 0.1 


10-* = 0.02 rad. = 9S min. 


Equating 17, [see Eq. (3.5)] and A/, [see Eq. (3.7) ] in 
the elastic range gives the equation 
= [A? (A —_ 3e,) |¢o (4.1) 


At the elasticity limit 
A = Yée, = @,, Cre = — = 5°10 
3G 
and 
0.03 


- 10-* = 2-10 
0.03 — 0.015 


JANUARY, 1956 


These are the starting values for the step-by-step pro 
cedure. For each successive step the integrals /;, /., and 
I, [see Eq. (3.14) ] were computed by means of Simp 
son's rule, e, was given an increment Ae, = 0.5 10) 
and Ag was computed from Eq. (3.15). After deter 
mining AA from Eq. (3.14) the procedure was repeated 
The results of the computations are given in Fig. 3 
As a, 3 GA the ultimate load is reached when AA 
Ae. = 0. 
but slightly less than the elastic value and the value of 
Ag Ae, is still small. Hence the plastic collapse of this 


It is seen in Fig. 3 that then the value of /; is 


particular column is not a failure such as that con 
nected with an ordinary buckling process. Such a 
failure would be marked by the value of 


N=4)°7, -¢l,—A Be 


approaching to zero, thus causing excessive values of 
Ag Ae,, according to Eq. (3.15). In Fig. 3 it is seen, 
however, that V decreases but slowly beyond the elas 
ticity limit. Therefore the criterion for plastic col 


lapse is not given by .V 0, but by 


6A = /,6e, + lboe = O (4.3 


Beyond the point where AA Ae Q, collapse of the 
column takes place accompanied by deflections growing 
with increasing velocity. However, as was pointed 
out above, the failure has but an outer resemblance 
with the phenomenon of buckling, as this is known in 
the elastic range. 

Fig. + contains a plot of o, versus e,. It is seen that 
the ultimate stress lies only slightly above the elasticity 


limit. 


(5) DISCUSSION OF RESULTS 


From experiments it is known that for plates loaded 
in their plane plastic collapse takes place far below the 
theoretical value of the buckling stress. In fact the 
ultimate load lies close to the buckling stress calculated 
either by deformation type theory or by Gerard's 
rule.® 

According to the deformation theory the coefficients 


(3.11) after pure compression are given by 
a: = ist G, Ary ) ! 
by = @; b,, Gs G4 

Substitution into Eq. (3.14) gives 


is = @: i; = 6, 
I; (1 12)Gs G [a7 


I, Gt G, 


The buckling stress follows from 
N=4)-i,—-A= 

(1/3)A? Gs/G (o,/3G) 0 (5.3 
Thus, according to the deformation theory, a_ per 
fectly straight cruciform column fails by pure tor 


sional buckling at a stress 
Sxer = Gs d? (5.4 


Gerard's empirical rule gives for the ultimate stress the 
same value. The corresponding value of the critical 
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PEASTIC COLLAPSE OF 


strain 1 
é nN 


Gerard's rule is purely empirical, but the deformation 
theory pretends to give an adequate description of the 
process ot plastic buckling, though theoretical objec 


tions igainst the deformation theory have been 
confirmed already by some direct experimental evi 
dence The calculations of this paper, made with the 
theoretically sound flow theory, which has been veri 
fied by direct experimental evidence, show, however, 
that the process of plastic collapse may be of a nature 
entirely different from the pure buckling process, pre 
dicted by the deformation theory. 

fhe amount of initial twist of the column, treated 
in this paper, was taken rather large in order to reach 
the ultimate load in a reasonable number of steps, but 
this does not change the nature of the process of col 
lapse. For the chosen value of initial twist the critical 
strain lies close to the value predicted by Gerard's 
rule and deformation theory. The ultimate stress lies 
somewhat below the value a Gs d*, as is seen in 
Fig. 4. 


(6) CONCLUSIONS 


rhe analysis of the plastic collapse of a cruciform 
column with initial twist, given in this paper as a sup 
plement to reference 1, shows that reaching an ultimate 
load is not connected with an ordinary buckling failure. 
Ata certain critical strain the compressive stress reaches 
a maximum due to the interaction of compressive 
strain and shear strain in the plastic stress-strain rela 
tions. Increasing compressive strain accompanied by 
growing twist causes a drop in the compressive stress, 
the deflections growing initially at no excessive rate. 
This is in contradiction with the process of collapse 
as predicted by the deformation theory, while it seems 
to be in agreement with observations of, for instance, 
reference 5. For plates loaded in their plane plastic 
collapse, arising from initial imperfections, can not 
be treated theoretically in a general way. Therefcre, 
rather than deriving the ultimate load from an imagi 
nary buckling phenomenon, the ultimate load should be 
computed by empirical rules, like Gerard’s rule.‘ 
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ABSTRACT 


The problems associated with the prohibitive number of pos- 
sible system modes for a fluttering compressor or turbine blade 
row are eliminated by the development that comprises the present 
report. The existence and uniqueness of extremely simple sys- 
tem flutter modes are proved for blade rows consisting of identical 
blades equally spaced about a common rotor. These simple 
system modes, if properly interpreted, have the effect of reducing 
by a factor of 7 the number of degrees of freedom necessary to 
analyze an n-bladed configuration. Stated differently, the system 
of n blades may be considered, with no loss of generality whatso- 
ever, in terms of a single ‘“‘equivalent blade.’’ The proof holds 
under any type of flow and any and all types of interblade 
coupling, so long as a linear analysis is permissible. Moreover, 
since it is the flutter-inception point that is of interest in pre- 
dicting critical velocity or rotational speed, it may well be that 
the conclusions developed apply even to the onset of stall flutter. 
Practical application of the method to stall-flutter calculations 
would, of course, require the availability of aerodynamic stall- 
flutter coefficients. 

The development is carried out first under the assumption of 
infinite rotor inertia or, in other words, constant rotor velocity. 
This restriction is then relaxed, and the treatment is expanded to 
permit torsional oscillations of the rotor itself. It is proved that 
under certain conditions the assumption of infinite rotor inertia 


introduces no error whatsoever. 


SYMBOLS 


A = flutter matrix with infinite rotor inertia assumed 

A = flutter matrix with finite rotor inertia 

V = relative flow velocity at some reference radius 

k = reduced frequency of flutter (= wh/V) at reference radius 
b = semichord length at reference radius 

n = number of blades in row 

i = time 

p = number of degrees of freedom alloted to each blade 

q = generalized-coordinate vector excluding rotor deflection 
q = generalized-coordinate vector including rotor deflection 
g’ = generalized coordinate associated with rotor deflection 
Ja = generalized coordinates associated with blade twisting 
d, = generalized coordinates associated with blade bending 
& = rotor angular velocity, rad. per sec. 

w» = flutter (circular) frequency 

o, = argument (radians) of vth of the ” nth roots of unity 

o0 = phase-lag angle between adjacent blades at flutter 


Received September 20, 1954. 

* The investigation reported in this paper was sponsored by the 
Wright Air Development Center, Air Research and Development 
Command, under Contract AF 33(616)-25 with the Research 
Division, College of Engineering, New York University. 
Director, Chi-Teh Wang, Professor of Aeronautical Engineering. 

{ Research Associate Professor of Aeronautical Engineering, 


Project 


Daniel Guggenheim School of Aeronautics. 


INTRODUCTION 


ews CHIEF CONTRIBUTION of the research reported 
herein lies in the establishment of a method that 
permits the linear flutter analysis of configurations 
characterized by a large number of identical fluttering 
members and, accordingly, encumbered by a prohibi- 
tively large number of degrees of freedom. In order 
to place this development in true perspective it is 
necessary to outine the methods by which many- 
bladed configurations have been flutter analyzed in 
the past and to indicate wherein the present treatment 
extends or supersedes this previous research. 

With the availability of well-established methods for 
flutter analysis of single, isolated wings, the first and 
most obvious method for treating multibladed systems 
is to ignore all forms of interblade coupling and to 
proceed under the assumption that each blade flutters 
just as it would in the absence of all other blades. 
This approach can be considered as zeroth order ap- 
proximation and may lead to unconservative estimates 
of critical flutter velocity. 

Turner and Duke,’ in an investigation of propeller 
flutter, neglect aerodynamic interaction but dispose 
of the interblade coupling that arises from the physical 
connection of the blades of a three-bladed propeller 
to a common hub by resolving the propeller system 
mode into ‘“‘resonant”’ and ‘‘antiresonant’’ components 
that are then shown to be uncoupled. This, in turn, 
allows treatment of a single blade in formulating the 
flutter problem, all under the assumption of zero aero- 
The 
some nature of the analysis by resolution into resonant 


dynamic interaction between blades. cumber- 
and antiresonant modes (it appears awkward even for 
as few as three blades) indicates the unsuitability of 
this approach to systems such as compressors and tur- 
bines with many blades. Lilley? noted, from experi- 
mental observations of the flutter of a series of elastic 
wings arranged in cascade, that adjacent blades were 
approximately 180° 
This phenomenon was termed 


out of phase when fluttering. 
“antiphase motion” 
by Lilley, who recognized immediately that, for the 
case of zero stagger, a cascade fluttering in antiphase 
motion is aerodynamically equivalent to a single wing 
oscillating between parallel walls with its attendant 
image system. The aerodynamics of the single wing 
oscillating under the interference of tunnel walls had 
been studied previously by Reissner**® and others 
and is presented in somewhat different form by Lilley’ 
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with a view toward obtaining oscillatory air forces 
for the unstaggered cascade in antiphase motion. 

Lilley then applied these air forces to the unstaggered 
cascade flutter problem for the particular values of 
elastic and inertial parameters corresponding to his 
experimental system, under the assumed condition 
that the system flutter was in antiphase motion, and 
the agreement between theory and experiment proved 
excellent. It is to be emphasized that Lilley’s observa- 
tions indicated that, for both staggered and unstaggered 
cascades, adjacent blades at flutter were approximately 
out of phase and that he derived air forces and solved 
the cascade flutter problem assuming antiphase motion 
for only the unstaggered cascade. Previous results 
for tunnel interference effect on a single oscillating 
wing also, for obvious reasons, apply only to the un- 
staggered case The importance of Lilley’s work lies 
in the fact that he was able to assume in advance the 
form of the system mode, based on experimental evi- 
hence to determine the oscillatory air 


dence, and 


forces (including interaction between blades) and 
proceed with a solution of the flutter problem subject 
to the restrictions imposed by the antiphase assumption. 

Chang and Chu! present a derivation of the oscilla 
tory lift and moment acting upon the blades of an un- 
staggered two-dimensional cascade at zero or very small 
incidence, under the restrictive assumption that all 
blades oscillate in phase with one another. This as- 
sumed condition permits a solution of the aerodynamics 
problem by mapping techniques similar to those used 
by Theodorsen* for the fluttering single wing. As 
will appear evident from calculations to be reported 
in a subsequent paper, the in-phase assumption is the 
least conservative one possible with respect to the 
prediction of critical flutter velocity. In fact, it will 
appear that critical flutter velocities predicted on the 
basis of an assumed in-phase motion of all blades will 
exceed the critical velocity of one of the blades alone, 
whereas actual blade-row critical flutter velocities are 
considerably less than that of an isolated blade. 

A study of Lilley’s paper suggested to the present 
author the possibility of performing a general investiga- 
tion of system flutter modes for multibladed systems 
with the objective of predicting, or at least restricting 
in advance the form of the system mode which exists at 
the fluttering condition. We content ourselves here 
with a somewhat oversimplified statement of the con- 
clusions reached as a result of the investigation. It is 
proved that a system of identical blades identically 
supported and equally spaced about a common rotor, 
whether this rotor be rigid or elastic and of infinite or 
finite inertia, will flutter in a system mode or at worst 
in a linear combination of modes, in which all blades 
oscillate with identical blade modes and in which each 
blade leads or lags its neighbor by a common phase 
angle, the value of this angle constituting one portion 
of the solution of the flutter problem for a particular 
configuration. The conditions under which this state- 
ment is proved are sufficiently general to encompass 


any type of flow-—incompressible, subsonic, supersonic, 


or even stalling (separating and reattaching boundary 
layer)—so long as a linear analysis is permissible at 
the flutter inception point. 
ment permits of all forms of coupling 


Moreover, the develop 
aerodynamic, 
Incidentally, as 


elastic, or inertial—between blades. 


a consequence of this proof of existence of a simple 
system flutter mode, it is shown that the antiphas« 
motion observed by Lilley is to be expected for the un 
staggered cascade at zero incidence but not necessarily 
for other configurations. The degree of departure from 
exact antiphase motion in the case of nonzero stagger 
or nonzero incidence, or both, must be determined as a 
result of the flutter calculation for the particular con 


figuration in question. 
ANALYTICAL DEVELOPMENT 


1) Consequences of the Cyclic Characteristics of the 
Configuration 


In order to keep the explanation from becoming too 
cumbersome, the details will be developed for a system 
in which just two degrees of freedom are alloted to 
each blade (one in torsion g, and one in bending q, 
The method is, however, equally applicable when any 
number, p, of degrees is allowed per blade, and, at 
appropriate points in the development, the method of 
extending to more coordinates per blade will be in 
dicated. Thus we consider a cyclic system of n blades 
all identical and identically supported and all equally 
spaced. By “‘cyclic’’ arrangement we mean only to 
signify the usual propeller, turbine, or compressor 
configuration wherein the last or mth blade is adjacent 
to the first blade. We denote by q,’, ¢,7, the generalized 
coordinates corresponding to the torsion and bending 
modes, respectively, of the jth blade, with (harmonic 
time dependence removed, and we arrange the vector 


of generalized coordinates in the form 





= 
g 
= 
] 
Va 
gd 
qgq=e (1 
Ya 
( : 





where w is the flutter frequency. We assume initially 
infinite rotor inertia so that no coordinate is necessary 
Now, under the most general con 


2n) flutter 


for the rotor itself. 
ditions of coupling, the final system of 
equations will take the form 


wherein the matrix A must be of cyclic form in its 
second-order submatrices as a consequence of the cyclic 
geometry of the configuration. The flutter equation 1s 
then of the following form, in expanded notation 
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where elastic, dynamic, and aerodynamic coupling 
may exist between blades, as well as within a single 
blade. 

Here a, represents the total effect of the torsion mode 
in the sth blade upon the torsion mode of the (s + 1 — 
1)th blade, b; represents the effect of the bending mode 
in the sth blade upon the torsion mode of the (s + 1 — 
1)th blade, c; is the effect of the torsion mode in the sth 
blade upon the bending mode of the (s + 1 — /)th 
blade, and d; 1s the total effect of the bending mode in 
the sth blade upon the bending mode of the (s + 1 — 
1)th blade. The torsion mode of the mth blade affects 
the bending mode of the second blade in exactly the 
same way that the torsion mode of the first blade af- 
fects the bending mode of the third blade, and so on. 
It is to be noted that the degrees of freedom (charac- 
terized by g, in bending and q, in torsion) are taken as 
the same spanwise or radialwise functions for each 
blade. In other words, some single bending mode is 
taken as the bending mode for each blade and some 
single torsion mode is taken for the torsion mode of all 
blades. No assumption is made beforehand, however, 
with regard to the relative magnitude or phasing of the 
occurrence of the bending and torsion modes in any one 
cr in different blades—1.e., the vector solution g is 
completely unrestricted. 

We now proceed to show, by a study of the deter- 
minant A} of matrix A, that a great deal can be said 
in advance about the resulting form of g and that, in 
fact, the problem may be reduced from one requiring 
2n degrees of freedom to one with only two degrees (in 
general the reduction is from pn to p degrees). The 
stems from an extension of the special 


study of |A 
would reduce if 


circulant determinant (to which | A 
we allowed initially only one degree of freedom per 
blade). 

Let w, be the pth of the » uth roots of unity—.e., 


2ri(p/n 
=e (4) 


and define the scalar quantities 
A. = (ad) a 2; + 3h ;" + a > Ay»W ‘ t 
By, = (bd) + bow; + byw)? + ... + byw,;"—") Pn 
Ci = (C1 + Cow, + Cyw;? +... H Cpe," i 
D, = (dy + dow; + d3w;? + + d,w;"—") 
It should be noted that, in view of the fact that 


for all 7 
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we may write A 


form: 

{ = (QQ) tT QeW T Qy® T Ud3W a @ es | 
B = (by +- Dow + ,@ Dea ~ ) QW { 
eke. 


Now since the determinant |A/ is unaltered in magni 


tude by adding to any row multiples of the remaining 


rows, we form new first and second rows p;’ and py’ it 
the following manner (p, denotes the original jth row 


and p,’ the new jth row 


pi eee w; lp + w;’ “D5 ‘i T WP il 
pe’ = eT: aS ? lo4 T @ “06 : ia T WP f 


This leaves |A! unaltered in magnitude and in the 


following form (recalling that (w,)" = | 
A, £B; A B B 
A, B 
Ww aw aw wo a 
( BD oC, D D 
( D 
A|= a b, ay b, a h a h 
( d ay d, ( d ( d 
(Remaining rows unaltered 
(2 ds C d3 C4 d; a dy 


Suppose now that we expand the determinant |A| by 
the Laplace expansion with respect to the first two rows, 
We see that all minors of 


using |A) in the form (7). 


the form 


A A B B 
(w,;)° (w;)? a5) Ww 
C C and D D 
w (w,;)? (Ww (W@W 


vanish since they are expressible as determinants with 


identical columns. Moreover, a// nonzero minors 


formed from the first two rows contain 


_ |A; Bl si 
S=c¢ p (8 


asafactor. Thus, since A; is a factor for each of the 
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SYSTEM MODE SHAPES 


corresponding to the w different 
in the product 


different values of 


yth roots of unity), we may express | A 


form 
A B 
A KA A il ¢ q 
( D 
with is vet undetermined; in fact A may depend 


pon the various a's, b's, c’s, and d's until we prove 


uy] 
otherw1s Now the product (9) is already of order n 
in any a, 6), cj, or dj; hence A cannot depend upon 
these elements, but must in fact be simply a numerical 
constant since |A_ itself is of order m in each of the a,, 
( \oreover, since the leading diagonal term of 
A. contributes (a;)"-(d;)" we see immediately that A 
must be unity. Thus we obtain the expansion of A 
in the particularly sunple form 
A= ff A= I . . 10 
' ? ( D 


where the product extends over the ” mth roots of 
unity 

At this point we may remark that the initial use of 
more than two degrees of freedom per blade would 
have led, through similar arguments, to the same form 


of expansion for A except that the factors A; would 


be of order P instead of order two—1.e 
1 A 1 
t., de 
1 Il A II 1] 
1 A 1 


the elements of these A, being defined in the same man 
B,, C;, D; were defined in 
This is 


ner |see Eq. (5)] as the A 
the two degree of freedom per blade situation. 
easily seen by remarking that the original p & mu order 
determinant would be after 
method, by the first p rows following a process such as 


expanded, Laplace's 
Eq. (6) in which, to each of the first p rows were added 
linear combinations of every pth following row multi- 


plied by a suitable power of w,. 


2) Determination of Critical Flutter Velocity 


Now the flutter problem consists in finding the critical 
velocity |” and corresponding flutter frequency w such 
that the determinant A) vanishes and a nontrivial 
system mode g is possible as a solution of Eq. (2). The 
lowest velocity I” which causes A to vanish and 
which, with the corresponding value of w, is consistent 
with an initially chosen reduced frequency k (= wb V 
is the critical flutter velocity. The nontrivial vector 
or vectors g which then satisfy Eq. (2) constitute the 
system flutter mode or modes. It is to be recalled 
that the elements a,, 0;, c;, d;, of A involve k and, in 
compressible flow, the Mach Number .J/, in such a 
complicated transcendental form that it is necessary to 
insert numerical trial values of these parameters, k and 
Mf, into A before proceeding with the flutter problem 
or, alternatively, to include an undetermined parameter 


in the analvsis. We will forget about Mach Number, 


AJ, for the present development, assuming that if nec 
essary, the entire process presented herein will be re- 
peated with new trial values of .\/ until a trial value of 
VJ and the resulting critical flutter velocity |” are con 
sistent with the free-stream sound velocity. More 
over, we mean by 6 (semichord) I’, k 
of th 


, or any other pa 
rameter, the value parameter at some re ference 
station along the blade span, since in rotating blade 
systems with radially varying chord the usual defini 
tions of k, 1, and } actually vary along a blade. Further, 
we assume that the velocity | is interchangeable with 
the rotor velocity Q, since in general either I’, Q, or 
the ratio of the two will be fixed in advance 

Returning for convenience, but with no loss of genet 
ality, to the case wherein two degrees of freedom are al 
lowed to each blade, we continue the study of the system 
flutter problem through an examination of the factored 
form (10) of the futter determinant, A Obviously, 
if A is to vanish, as it must for existence of a non 
trivial flutter mode, at least one of the mw factors A 


must vanish. Hence the scheme which suggests it 


self at first is the following. Annihilate, in turn, each 
of the » minors A, by a proper choice of k and subse 
quent solution for TV" (eall it TV 
formed, for each A,, by the method of successive trial 
values of k, known as Theodorsen’s method® or by the 


his may be per 


undetermined parameter 


method of including an 
Having fixed upon a trial value of k, frequency may be 


replaced by velocity through the relation 
w = kV/b 12 


Then the elements of any A, become complex first dé 
gree polynomials in 1°, and the expansion of A, becomes 
a second (in general pth) degree polynomial in |, with 
complex numerical coefficients. Separating the coet 
ficients into real and imaginary parts, for each A,, we 
get a pair of simultaneous algebraic equations in |’ 
These are then solved respectiy ely for the roots lI’, 
17° which, in general, will not be the same. New 
trial values of & are inserted and the roots |” may be 
plotted versus k, until an intersection is obtained 

i.e., until some choice of k leads to a common solution. 
i = i 


several intersections occur, the solution with 


for both the real and imaginary equations. 
In case 
the minimum value of |" is used, since this will provide 
the most critical condition for the particular minor A 
The final critical velocity corre 
will be called |’, and the 


The process is repeated 


under consideration. 
sponding to the jth minor A,, 
associated k and w, k; and w 

for each A,, until values of |’,, k; and w, are available 
for each of the 7 minors. 
the flutter velocity, and the associated k provides the 


The minimum I’, then gives 
flutter frequency w, through Eq. (12). If one or more 
of the A, fails to lead to a physically realizable (real 
pair, I’,, w, then this index is merely neglected in the 
comparison to determine the minimum |}. Summiariz 
ing, we have found the velocity |” and the associated k 
and w which annihilate one (or possibly more than one 
of the minors 1, and which achieve this annihilation 


with minimum velocity. This group, k, |, w would 
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have been the one arrived at by the far more cumber- 
some procedure of annihilating the original flutter 
determinant | A, directly and choosing the annihilat- 
ing group with minimum velocity. 

At this point a tremendous simplification suggests 
itself for turbine and compressor blade systems with 
large numbers of blades. For large n, the mth roots of 
unity approach a condition of density about the unit 
circle. Thus we replace the preceding process of pick- 
ing a minimum |’; from among a large set of discrete 
values by a minimization process with respect to the 
root angle, ¢. In other words, we set equal to zero the 


general minor 


A, B, 


C D (13) 


wherein the 7 discrete values of the mth roots of unity 
are replaced by the angle o which is temporarily as- 
sumed to be continuously variable between 0 and 27, 
and wherein we use an extension of Eq. (5a) to define 
Bie Tee Gas Fe! 


16 


A, = (a, + ave” +a,e °° +azse"° +a,1e “"+..)I 
B, = (b; + bee’ + b,e~*” + bse” + Db, ne" + ..dS 
(14) 
Now the annihilation of the general minor A,, leads to 


the two equations, 


Pr(V2, k, o) = OV 


e 15) 
P,(V2, k, oc) = Of — 


in which Pr, P; are polynomials in | with coefficients 
depending transcendentally upon k and upon o. After 
insertion of a trial value of k, Eqs. (15) may be solved, 
respectively, for I’p*(o) and 17°(¢). We shall show 
subsequently that velocity (and frequency) may be 
expected to vary smoothly with the angle o. Thus, 
to each of several (say ten) values of o between (0 and 
2m we find the value (or, possibly, values) of k which 


gives consistent roots, 
(16) 


Vr*(o) = Vo) 


roots 


k(o) are then plotted against co. 


The consistent 1*(o) and the corresponding 
values of k = The 
flutter condition is found simply by picking the mini- 
mum value of 1°(¢,) where a, is one of the admissable 
discrete values of o. 


) 


o, = 2av/n (17) 


That is, on the curve (or curves, in case more than one 
consistent condition exists for some range of values of 
a) of 1° versus o we find the minimizing value of o and 
take the nearest admissable o, with its corresponding 
V,, k, as the flutter condition. 

The replacement of the problem of annihilation of x 
determinants A, by the annihilation of the general 
minor A, at a much smaller (than 7) number of points 
and subsequent plotting of annihilating combinations 
V, k, versus o to determine the critical flutter condition 
is justified as follows: referring to Eq. (14) and remark- 
ing that the influence of distant blades becomes small 
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rapidly with increasing distance, we see that A,, B. 
C,, D, and hence also Pr and P;, take the form of finit, 
complex Fourier series in the angle o, with rapidly de. 
creasing coefficients for the higher harmonics. Thys 
it is to be expected that I*(¢) and k(o) will van 
smoothly in o despite the presence of high harmonies 
(for large n). Indeed, as will be seen subsequently, jj 
the coupling between blades is of an aerodynamic na- 
ture only, then for incompressible flow the injfinit 
Fourier series corresponding to Eq. (14) are expressible 
in closed form as smooth (actually analytic) functions 
of o for 0 < o < 2m. Hence the plotting process t 
locate a minimum I’ and the replacement of the mini 
mizing angle o by the nearest admissable value g 
should be a valid means of obtaining the critical flutter 
velocity and associated frequency. If the high har 
monics occurred with large coefficients then the plot 
ting process and the replacement of the minimizing value 
of the angle o by an adjacent admissable value o, would 
be open to question, but the physical nature of the prob- 
lem eliminates this difficulty. 

Looking at this point in a slightly different light, it 
seems reasonable to believe that a blade system with n 
blades, where is large, will exhibit a critical flutter 
velocity which differs only slightly from a system with 
identical blades, identically supported, but (7 + 1) in 
This reasoning provides additional support 
for our contention that I(¢) will vary 
with o, thereby justifying the minimization process 


number. 
‘smoothly 


and the replacement of the minimizing angle oa, by its 


nearest admissable value, c,. 


3) Determination of the Flutter Mode 


Having determined the critical flutter velocity and 
the associated values of k, it remains to compute the 
corresponding flutter mode g. This mode turns out to 
be very easily described, and in the case where A 
vanishes simply (or doubly in the case of a symmetric 
blade configuration) to have a very interesting physical 
relation to the angle o or o,. Consider the minor 4, 
which is annihilated by the critical velocity V’, and the 
associated k,, forgetting, for the present, the possibility 
of multiple degeneracy—i.e., assume for the present 
that A, vanishes simply and that no other A; vanishes 


upon insertion of 1 = I,,k = k,. Then 
A> Bb, 
; = 0 1S 
;. & 
and there exists a nontrivial vector (qd, g,) such that 
4. B, fa} _ 9 19 
i 3 Iu 


Expanding the elements A,B, etc., and the Eqs. (19), 


we find 


(ay + Qew, + 30 ,~ - + a36," "0. + 
(by + dow, + byw? + + b,w,"—")qy = 0 
f) 
(G1: = Guay FF Ce, + tf 6,0," )da + | 
(di + dow, + d3w,? + + d,w,"—')qy = 0 


But these are equivalent to 


Or, 10 
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SYSTEM 


Or, in other words, the vector 


r— — 


da 
qu 
Orda 


Wau 


1 
w, da 








L_ &, ‘ | 


is a solution of the first two of the original 2” Eqs. (3 
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Thus the vector g of Eq. (22) is also a solution of the 


third and fourth equations of system (3). By multi 
plying Eq. (20) by successively higher powers of w, we 
see that Eq. (22) is indeed a nontrivial solution of the 
complete original flutter equation. The nontriviality 
follows from the existence of the nontrivial pair q,, 
; Now in the case where insertion of 1” = I’, causes 
only simple degeneracy of the matrix A, our solution 
(22) is unique to within an arbitrary multiplicative 
constant. Moreover the form of the solution (flutter 
mode) is amazingly simple. g., g, 18 simply the vector 
solution to the homogeneous second-degree system (19 
which is easily determined once the elements of A, are 
available, and this represents the fundamental blade 
All other blades flutter with exact/y the same 


blade mode, with same magnitude of occurrence of this 


mode. 


mode (all the powers of w, are of unit magnitude) and 
with a phase shift equal to the angle o, occurring be- 
tween successive blades. Thus, as soon as we find the 
angle, o,, if A is simply degenerate upon insertion of 
l’,, we can solve a second (or, in general a pth) order 
system for the blade mode and immediately write down 


the system mode solution with no further effort. 
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under the condition that the minor A, is annihilated by 
insertion of the critical flutter velocity. Now multiply 


both Eqs. (20) through by w, obtaining 


(a, + Qo, + low,” . ~ @ 1W), Ga 7 
(b, in byw, — bow, + a 1W : . q 0 
(C»n T 0, TT Cow, ~ T Cc, 1W,,” "Ida “F | 
(d, _ dw, : 2 dow,” a d ee qd = ( 
(23) 
upon recalling that (w,)" = 1. 
Eqs. (23) may be rewritten in the form 
1 On Va 
d, 1 q 
Wy Va 
Wi Ju 
“( 
Se 0 (24 
Wy "Gu 
wy" da 
Loy” "Gud 








Next we consider the possibility of multiple-degener 
acy. Multiple-degeneracy of A, it should be noted, 
implies that upon insertion of the critical flutter veloc 
ity 1’ = IV, either one of the minors vanishes multiply 
or several of the minors vanish simply or multiply for 
a single value of k. If only one minor, A, is annihilated 
by the flutter velocity I’, 
degenerate (or possibly multiply-degenerate in the case 


and if this minor is doubly 


of p-order minors) then there exist at most two (or 
possibly more in the p-order case) linearly independent 
solution vectors } dq, Ju{- To each of the linearly inde 
blade 


(within a multiplicative constant 


pendent modes there corresponds a unique 
system mode of pre 
cisely the same form as Eq. (22). Hence, in this case, 
the final system flutter mode is expressible at worst as a 


22) with 


linear combination of solutions of the form (22 
different blade modes but equal frequencies and phase 
shift between blades. If J’,, R, 
vanishing of more than one minor A,, then to each 


cause the simultaneous 


vanishing minor there corresponds one or more solu 
tions of the form (22). The final system flutter mode 
will then once again be expressible as a linear combina 


tion of solutions of the form (22) with equal frequency 
| | ’ 
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but with the possibility of not only different blade 
modes but also different phase shift between blades for 
each of the component vectors. 

Of special interest is the symmetrical blade and flow 
configuration (zero stagger, zero incidence, and sym- 
metrical elastic and dynamic influence) in which at 


least double-degeneracy will always occur. For in this 


case, 
Gs = Oy, Oy = Ont, 1h = Ay, etc. 
be = by, bs = byt, by = by-2, ete. e 
(2.)) 
Co = Cn; Cz = Curt, C4 = C . eng, 
ds = d5, = d, ve = a, %, etc. 


Hence, to any minor A, a corresponding minor A,,_, 
will vanish with the insertion of the velocity |’,. This 
is easily seen by introducing Eq. (25) into the defining 
relations (5) for A,, B,, C,, and D,. Under symmetry, 


A, = ) dy + 2a. cos a, + 2a; cos 20, + 
a(n + 1/2 COS [(n — 1) /2]o,} for nodd - 
(20) 
B, = }b, + 2b. cos o, + 2b; cos 20, + 
+ 2b 41)/2 cos [(n — 1) 2]o,} for n odd 
etc. 
and 
A ) dy + 2a. cos o, + 2ay/2 COS (nN 2)/2)o, + 
noy/2 op 
Qn+2/2€  ""} forn even 
ete. 


and obviously, if 1’, causes A, to vanish it will also cause 


A,,—, to vanish, since 


cos 2r(m n)\(n — v) cos 2r(m n 7 


y led 
( 


and 27) 
for n even | 


for all integers m. Hence, if only the two minors A, 
and A,—, vanish (simply) upon insertion of I’,, k,, then 
the solution (flutter mode) will be expressible as a linear 
combination of two modes of the form (22) with identi- 
cal blade modes and with equal but opposite phase 
shift between blades. This satisSes our intuitive feel- 
ing about the symmetric case, since, with symmetry of 
flow and configuration, there should be no ‘preferred 
direction’’—.e., there is no more reason why the jth 
blade should /ead the (7 — 1)th blade by angle o, than 
lag the (j — 1)th blade by this ancele. 

It should be noted that there is a possibility of the 
occurrence of another type of degeneracy which we 
shall call “‘quasi-inultiple-degeneracy.”’ This situation 
occurs whenever |A) vanishes with two or more dif- 
ferent values of k, each being associated with the same 
value of I’, and when this |’ is the minimum of all an- 
nihilating V's. Physically, this implies that as the 
critical velocity |’ is approached, flutter may occur in 
either of two different modes, each having a different 
frequency, or in some undetermined linear combination 
of these two modes. 
of this quasi-multiple-degeneracy is rather remote, we 
shall not dwell further upon the matter, except to note 
that there is also the possibility of both multiple- and 


Since the possibility of occurrence 
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quasi-multiple-degeneracy occurring simultaneously, | 
with still greater complications. 

Finally, the entire preceding discussion with regard 
to flutter mode is easily generalized to the case in which 
Here 


the equation corresponding to (19) will possess a non 


p degrees of freedom are allowed to each blade. 


trivial p-order blade mode, and the process which led 
up to the system mode (22) is duplicated for the higher 
order system. Hence again in the simply degenerat 
case, a single blade mode of p components characterizes 
all blades, and all blades experience this mode with 
equal magnitude, equal frequency, and with a common 
Multi 
ply-degenerate cases lead to flutter modes which ar 


phase-shift angle o between adjacent blades. 


expressible as linear combinations of solutions of this 
type. Itis to be emphasized that multiple degeneracy 
is of no consequence in the determination of the flutter 
velocity l’,. Once the minimum J’, = I'(¢,) is found, 
this is the critical flutter velocity, and the possibility 
that this |’ may cause A) to vanish multiply does not 


alter this fact. 


4) Significance of the Flutter Mode 


Having completed the analysis of the multi-bladed 
system in very general terms, we may now give an in 
terpretation to the results which simplifies tremendously 
the linear flutter analysis of any blade row. Examina- 
tion of Eq. (19) or the extension of Eq. (19) to the p- 
order case, shows that this corresponds actually to a 
situation in which we solve for the flutter of only one 
blade when this blade is under a very special form of 
influence from all other blades; namely, all other blades 
oscillate with the same b/ade mode, the same magnitude 
of occurrence of this blade mode, and with a_ phase 
shift of (as yet undetermined) angle o between adjacent 


blades. Since under multiple-degeneracy the flutter 





mode is still composed of a linear combination of modes 
of this type, the present considerations cover the mul- 
tiply-degenerate case as well. 

Keeping the foregoing remarks well in mind, the solu- 
tion of the flutter problem for a cyclic arrangement of 
many blades may be performed as follows. Allow only 
enough degrees, p, of freedom to describe satisfactorily 
the motion of a single blade in flutter. Derive for one 
blade the air forces experienced by this blade when it 
oscillates in bending and twisting and all other blades 
oscillate in the same blade mode with equal magnitude 
and with a phase shift of some undetermined angle ¢ 
between adjacent blades. Do the same for the kinetic 
and potential energy matrices. It is to be emphasized 
that no restriction is involved in this assumption and 
that all interblade interference is correctly accounted 
Then solve the flutter problem for this single 
leaving the phase angle o unde- 


for. 
“equivalent blade’ 
termined. Finally, minimize the flutter velocity with 
respect to o to obtain the critical flutter velocity and 
replace o by the closest admissable value o,. If one 
value of o, minimizes |’, and if the p order determinant 
vanishes simply upon insertion of the critical |’, and ¢, 
then the system flutter mode may be written directly 


| 


iS gil 
yanisl 
give tl 
while 
expres 
combi 
linear 
occur! 
the cl! 
fluttet 
Fin 
blade 
of uni 
blade 
in pl 
ity 
lem 0 
row W 
that 
thoug 
this a 
blade: 
in the 
ing Uy 
effect 
infinit 
series 
of a « 
very 
indee 
by a 
for 0 


subse 


We 
flutte 
moun 
assun 
in its 
capal 
of the 
this s 
const 
spect 
of de 
addit 
rotor 


and | 
we h 
tanec 
from 
sider 

Or 
the « 
each 
trivi: 


cously, | 


regard 
| which 

Her 
a non 
ich led 
higher 
‘nerat 
‘terizes 
e with 
mmon 
Multi 
ch are 
4 this 
lf racy 
flutter 
‘ound, 
ibility 
CS not 


laded 
in 1n- 


ously 





nina- 
he p- 
to a 
’ One 
m of 
lades 
tude 
hase 
cent 
itter 





odes 


nul- 


olu- 
t of 
nly 
rily 
one 
nit | 
des 
ude | 
CO 
LIC 
zed 
ind 
ted 
ole 
le- 
ith 
nd 
ne 
nt 
0, 


ly 


SYSTEM 


given by Eq. (22). If the p-order determinant 


vanishes multiply or if several distinct values of o, 
sive the same minimum value of |’ for the same k, then, 
while the system flutter mode cannot be written down 
expressly, still it is known to be expressible as a linear 
combination of a finite number of easily determined 
linearly independent vectors of the form (22). The 
occurrence of quasi-multiple-degeneracy does not affect 
the critical velocity I’, but does again complicate the 
flutter mode prediction. 

Finally, it should be remarked that a phase shift per 
is one of the nth roots 


lor 


blade of angle o,, where (e 
of unity, is consistent with the physical nature of an n 
bladed system, for it is easily seen that any blade 1s 
‘in phase with itself’’ as it certainly must be in actual- 
itv. This suggests a further simplification in the prob- 
lem of obtaining the interference air forces for a blade 
row with a large number of blades. We merely assume 
that any blade has an “interference effect on itself” as 
though it were located » blades away from itself, and 
this allows us to express the entire interference for all 
blades in the form of a complex infinite Fourier series 
in the undetermined angle o, with coefficients depend- 
ing upon the blade number multiplied by the gap. In 
effect we replace the finite number of blades » by an 
infinite number, and hope that the resulting Fourier 
series will be recognizable in closed form. In the case 
of a cascade with or without stagger and with zero or 
very small flow deflection in incompressible flow, it is 
indeed the case that the Fourier series may be replaced 
by a comparatively simple single function of o, valid 
for 0 <o@ < 22. This will be described in detail in a 


subsequent report. 


5) Extension to the Case Where the Rotor May Oscillate 

in the Rotary Direction 

We now extend our considerations of blade system 
flutter modes to the situation in which the blade row is 
mounted upon a rotor of finite moment of inertia. We 
assume that the rotor is rigidly constrained to remain 
in its plane of rotation (no axial deflection) but that it is 
capable of rotary deflection and that, through the effect 
of the rotor shaft and of other components mounted on 
this shaft, we can attribute to the rotor a certain spring 
constant and a damping constant which govern re- 
spectively the resistance to angular deflection and rate 
of deflection. This makes it necessary to introduce an 
additional degree of freedom g” corresponding to the 


rotor deflection angle. Let 

g° a ge“ 
and then drop the bar (—) in further considerations as 
we have done tacitly in Eq. (1). q’e’ 
taneous angle through which the rotor is deflected away 


wl 


is the instan- 


rom its equilibrium rotating position Qf and is con- 
sidered positive in the same sense as {. 

Once again we restrict our detailed considerations to 
the case where two degrees of freedom are allowed to 
each blade, and again the extension to more degrees is 
denote the generalized co- 


trivial. Again, let g,’, 9, 
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ordinates (with harmonic time dependence, e™, re 


moved) corresponding to the torsional and _ flexural 
degrees of freedom in the jth blade. Now we arrange 


the complete flutter mode vector (call it 7) in the form 


<a 
Ya 


a." 


= J 








where, once again, harmonic time dependence has been 
removed and the q’s are simply complex amplitudes. 
The complete, final system of flutter equations will 


then be expressible in the simple form 
Ag 0 29 


wherein 1 has the following form 


[7 6 n 6 n 6 n (| 
a ay by ao b a h 
S << d, C2 ds ( 1 
a a b,, a, by a h 
> B ¢ d, gq dy ( 
A = | (30 
a a l b a! a b a ) 
BS Ges Ger 4 d ( 
a de bs ay h, | 
LB te ds C d, J 





The justification for writing 1 in the form (30) follows 
immediately from the physical arrangement of the 
blades upon a rotor. The form of the submatrix ob 
tained by deleting the first row and first column is a 
direct consequence of the fact that the blades are ar 
ranged cyclically about the rotor and the mth blade 
affects the first blade in precisely the same manner as 
the first blade affects the second, and so on. It is to be 
noted that A allows for all types of coupling, aerody 
namic, elastic, and dynamic, between the blades and 
for the influence of the blades upon the rotor and of the 
rotor upon the blades. The first element y in the 
principal diagonal of A includes the rotor inertia, the 
effective rotor spring constant and the effective rotor 
damping constant. The alternating form (6, 7, 4, 
n, ) of the remainder of the first row follows from the 
fact that the bending mode in all blades affects the rotor 
equally, and the torsion mode in all blades affects the 
rotor equally. Likewise, the first column ja, 8, a, 8 

| reflects the fact that the rotor deflection affects 
all blade bending modes identically and affects all 
Note that no assump- 
A other than the re- 


blade torsion modes identically. 
tions are implied in the form of 
striction to identical blades, identically supported and 


equally spaced. 
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, . : . . : ae : nere 
We now proceed in a manner similar, but not identi- po’ = po + paw, ! + pew, ? + psw,~? + + p «| whe 
cal, to that pursued in the case where the rotor inertia p3’ = p3 + psw, ! + prw, ? + pow, ? + + Poni, 
was assumed infinite. Letting w, denote the vth of e= £23. (n — 1 | 
the 7 nth roots of unity, (33 ”" 
This 
ca—"" (31) (The value of |A} is unchanged by substituting th three 
, y oie 
ad : ; : new rows p, and p;’ for the original rows ps and from 
and defining A,, B,, C,, D, as before—.e., . p p aia pe sal: sil 
since we have merely added to the original rows, linear cal ci 
A, = (a; + dow, + A,0,7' + a3w,? + A, 10,7? + | combinations of succeeding rows). Now making use oj ordet 
B, = (by + bow, + b,0,7! + b3w,? + by, 10,77 + the fact that w,” = 1 for all vy and 
etc. | er 
= 9 = a ; oO, —- a," 
PS OZ, 2500 (RM l > wo? = dw? = —. 
(32) p=0 p=1 l — w, 
. ‘ 1 . > forv ~ 0 as a 
we leave the value of the determinant | A) of matrix A : 34 = 
: : ? forv #n rh 
unchanged by forming new second and third rows as 
: : es : ‘ atl igs a facto 
follows (p, denotes an original row and p,’, the altered we may write the determinant | A) of matrix A in the 
row): form 
y 6 n 6 n 6 n 6 n wher 
4, & #4 £, A, B, ‘ 
0 A, B, a — ¥, Q, 
W, w, @,” @,” W, : Ww, _—- ill we 
& DO , 2 c dD, 
() ¢ D, L 2 : , F the Pp 
®, WW W,” w,° en gk term 
a a, b, a, bh ae bs Gis b,-1 in th 
8 ¢. d, Gq dad CG ds Cun rae (35 likew 
Qa An-1 b, 1 of or 
8 Cn—1 a. 1 be a 
we 0 
[Remaining rows unchanged from original the t 
form (30) | 
valid for v = 1,2, (n — 1 
to th 
The zero elements in the first column of each of the and third rows of Eq. (35) contain dy 
second and third rows follow directly from relation (34 | B 
and from the manner (33) in which the new second and C. D 
third rows were formed. Note that Eq. (35) is not . and ° 
valid for v = 0 or v = nv since Eq. (34) does not hold as a common factor, for any fixed value of v. Since 
in these cases. Now we consider the Laplace expansion this is true for vy = 1,2,3, (1 — 1) we see that | A 
of | A) by its second and third rows, using the form (35 contains the (7 — 1) factors 
for |A.. We see immediately that all minors of the os or 
: A, B, p= 123 (x — 1 mS 
form A. = | (36 
ic, p. 
A, A, B, B, ; ss E oe ; 
& aE ; Now we perform operation (33), only with v = 0 
@," w, w,? Wy, ° ° ° : . ; 
? i.e., we form new second and third rows as follows (re- 
— illing that Fr 
: ’ Cé g that w = w, = 1): 
C, ¢, D, D, host 
/ 1 | 
w,? w,” w,? w, p2 = pot ps t+ pp + + Pon (| (37 prob 
, ! 1 1 . 
; ; Ps = ps + ps + pz + + pon sil mass 
vanish due to the fact that they are expressible in terms s 
- 7 ‘ iy on _ : : ° 7 : — infin: 
of determinants with identical columns. The only The resulting expression for | 4) [which again is un- 
nonzero minors which may be formed from the second changed by the process (37) | is 
a 6 6 6 6 
4 0 7 0 0 Hen 
na Ay Bo Ao Bo Ao B Ay By eee 
Cada 
mB Cy Do GC Do Go Do Co Dy . 
~' 
~ ¥ a b, a b do bo a, b P . 
Al ew |" ; Bo , (38 term 
B bs d, Oy dy C2 ds Cu4 Qe 
penc 
5 Sas . oe H fact 
8 remaining rows unaltered from original form sie: 
Lo) 


(30) 
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99 
i) 


ing th 
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(36 


(re- 


lin- 


SYSTEM 
where Ay = Qi + do + G3 + — 
Bo = >> b,, Cc = z Cos D, = > d (39 
=, iS, 


This time we expand A}, in the form (38), by its first 


threerows. Noting that any third order minors formed 


from the first three rows vanish if they have two identi- 


cal columns, we see that the only nonzero minors of 


order three contain 


¥Y 0 U] 
Ay = ina A, B 10) 
np Gi D 


as a tactor. 
Thus we have shown that 4) is expressible in the 


factored form 


Cy dy, 
until we prove otherwise—i.e., 


where A may contain any of the elements (a,, ),, 
vy, a, B, 6, n) of |A 
all we have shown thus far is that each of the factors in 


But every 


the product (41) is indeed a factor of | A 
term in Eq. (41) is of (total combined) order (2” + 1) 


in the elements (a,, };, c;, d;, y, 6, a, 8, n) of A and, 


likewise each term in the complete expansion of | 4! is 
of order ( Thus A must 
be a constant, independent of these elements. Now 
contributes 


») 


2n + 1) in these elements. 


we note that the leading diagonal of | A 
the term 
y(a,)"(d,)” 


to the expansion of |4|, and the coefficient of y(a;)’ 


d,)" in Eq. (41) is simply AK. Thus 
K = 1 
and we have finally 
1 « f . 3 
1; =A ) a A. 
or 
y/n 6 ” , . 
1] =nla Ao Bo I : 12 
B CG Di’=' 


From the factored form (42) of |4| we may draw a 
host of conclusions concerning the solution of the flutter 
problem for a blade row mounted on a rotor of finite 


First we note that as the rotor inertia becomes 


mass, 
infinitely large, | y) — ©, and we have simply 
I = "a 4 a 13 
y -_ y P C. D, o 


Hence as |y| > the problem reduces to the form 
treated earlier. 

Next we see that the product (42) contains “‘rotor- 
only in the first factor, all other factors de- 


Moreover, these latter 


terms” 
pending only upon the blades. 
factors are identical to those of the infinite-inertia- 
rotor case. In the determination of critical flutter 
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velocity and frequency we proceed exactly as for the 
infinite-inertia-rotor case with the reservation that the 
root angle, o, for y = 0 becomes exceptional. We may 
elaborate somewhat on this point. In order for flutter 


a nontrivial solution vector g) to occur, the determi- 


nant A must be annihilated by some combination of 
velocity |’ and flutter frequency w (or, alternatively, V” 


and k). 


tion of one or more of the factors 


This is completely equivalent to the annihila 


Ao, A1, de, — — Ant 


Thus we determine, for each factor AyA,A , the V’ 
and k which annihilate this factor (picking the combina 
tion with minimum I’ in case more than one pair, I’, 
k, annihilates any factor) and remark that the flutter 
condition is given by the pair, |, k, with minimum I 
Obviously, if the pair with minimum | corresponds to 
Eso. nN 1)] and if the 


one of the minors A, [v 
pair k, |” which annihilates 


A B 
4 . 
( D 

exhibits larger velocity |’ than this minimum |’, then 
the flutter frequency and critical velocity for the finite 
inertia-rotor are identical to the frequency and velocity 
for the flutter condition of the infinite-inertia-rotor. 
Stated differently, if for a given rotor and blade system 
we solve for the flutter velocity and frequency in two 
ways, once assuming infinite rotor inertia and once 
taking proper account of rotor inertia, spring constant, 
damping and rotor-blade coupling, then we will find 
exactly the same critical flutter conditions (frequency 
and velocity) for the two cases, provided that Ay is not 
the factor with minimum annihilating velocity in the 
infinite inertia case and Ap is not the factor with mini 
mum annihilating velocity in the finite inertia case. If 
A) were the factor (under the infinite-inertia-rotor as 
sumption) with minimum annihilating velocity and/or 
4A, the factor with minimum annihilating velocity in the 
more exact case of finite rotor inertia, then obviously 
we can no longer state that the critical flutter velocities 
and frequencies would be equivalent in the two cases. 

Now for the systems with large numbers of blades 
we may proceed in a manner 

to that followed in the in 


and finite rotor inertia 

similar (but not identical 
finite-inertia-rotor treatment. Recognizing that the 
nth roots of unity become dense about the unit circle 


as » becomes large, once again we annihilate the general 


minor 
A re es 
cE. p. 
where 
A, = (aq) + ane —™ at T (U2 T 
ad 1€ T 
B= (bh + he” + b+ be” + 
/) r¢ a 4. 
etc 
Again, recalling the smoothness of I(c), k(o), we 








64 FOURNAL OF 


need annihilate A, at only a relatively small number of 
values of o.) The annihilating values of l(c) and 


k(o) are plotted against o in the range 0 < o < 27 and 


the minimum of the discrete set of velocities l’(¢,) = 
l’,, is recorded. Note that we do not admit oo (or a,,) 
as a possible minimizing value of o nor do we state at 
this point that the above-mentioned minimum is the 
flutter velocity. The reason for these statements is, of 
course, the presence of the factor 4) in the expansion 
of | and the fact that 4, does not fall into the cate- 
gory of A, asa—0. Thus, to complete the determina- 
tion of flutter velocity we find the velocity, I’, and re 
duced frequency k, which annihilate A) (picking the 
pair |’, k with minimum Vif more than one annihilat- 
ing pair exists) and compare with the minimum I, 
If the velocity which annihilates 4) exceeds the mini- 
mum I’, then I’, is indeed the critical flutter velocity, 
and the flutter frequency follows from the reduced fre 
quency k corresponding to the minimizing o,. If the 
velocity 1’) which annihilates A) is less than the mini- 
mum of the velocities V7, then I’) is the flutter velocity 
and the corresponding k = ky gives the flutter fre 
quency. 

Up to this point we have said nothing about flutter 
modes g which correspond to the flutter conditions 
noted above. We proceed now to show that these 
modes bear a striking resemblance to the modes ob- 
tained under the restriction of infinite rotor inertia. 
Suppose first that the vanishing of one of the A,[vy = 
[2 (xn — 1)] leads to the critical flutter condition 
and suppose that this A, vanishes simply upon insertion 


of the critical k, | (= k,, V,) and that no other factor 


of |A| vanishes with these k, |’. Then, with the 
critical |’,, 2, inserted 

A, B, | 0 

C, Dp: 


and there exists a nontrivial vector }g,, g,} such that 


A, 5. Ja 
C, D, qu 


= 0 (44) 


Expanding Eq. (44), we may write, 





(a, + dow, + G30," + + a,0,"—'")da + 
(db; + bow, + byw,? + + b,w,"—")qu = nl (45) 
(C1 + Cow, + C3w," + + ¢,0,"—"\da + | 
(dq; + dow, + dyw,? + + dw,” du = 0 
Now we see from Eq. (45) that the vector 
ry | 
Va 
du 
Or Ta 
Wy Tu 
Gg = | &.°da (46) 
Wy" Gy 
ws” "4G 
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satisfies the second and third equations of the origina] 
flutter equation system (29). Moreover, we see from 
Eq. (54) that g, as given by Eq. (46), satisfies the first 
of Eqs. (29) as well—i.e., 

. ee : % p = 
a y TWN Ly, Ww 0 7 


0 


Multiplying Eqs. (45) through by w, and recalling that 


(W, : l 
we see that 
(An TT QW, TT Aow r 44," + a. + 
‘h, a byw, + bow, +- baw,* + Jy Q) 


Cn TT CxO, —- Cow > + C30, 


P P T da | 
(d, + dyw, + dww,? + dsw,* + du = 0 


Hence Eq. (46) is a solution of the fourth and fifth of 
Eqs. (29). Continuing the process——(i.e., multiplying 
(45) by successively higher powers of w,)—-we see that 
Eq. (46) is indeed a solution of the entire system of 
flutter Eqs. (29) under the condition that A,(v ¥ 0) is 
annihilated by the critical flutter velocity and fre 
quency. 

Moreover, since we have stipulated simple degener 
acy, Eq. (46) is unique within a multiplicative con 
stant. 

Now the solution (46) is of the same form as that ob- 
tained under the assumption of infinite rotor inertia 
with the exception of the additional rotor deflection 
component which is zero. That is, if the critical flutter 
condition for the system with rotor of finite inertia 
corresponds to the vanishing of one of the minors 
A,(v # OQ) then the flutter mode is one in which all 
blades oscillate with identical blade mode }\ qa, guj at 
equal magnitudes and with a (nonzero) constant phase 
lag angle o,(= 2av/n) between successive blades. 
Moreover, the rotor does not oscillate but remains un 
affected. We can give extra evidence in support of 
this conclusion, based on Eq. (34). The rotor may be 
influenced by the blades through some linear combina- 
tion of blade torsional and flexural displacements, 
velocities, and accelerations, and hence through some 
linear combinations of g,, g, to which velocity and ac- 
celeration may be reduced under harmonic motion. 
Now, since all blades affect the rotor in the same way 
and since the blades display a constant nonzero phase 
lag for the condition where the rotor deflection van- 
ishes, we see that the net torque exerted upon the rotor 
by the blades at any instant must vanish —i.e., 


Torque = e QO (Taga? + Tuqu’ 
l 
n l nN l 


= Taga’ DL (wi) + Tigre Yo (w 
7 0 7 0 
= i forv +O, vx¥+xn 


This adds support to our somewhat surprising discov- 
ery that g’ = 0 in the case where critical flutter corre- 
sponds to the vanishing of some A, with vy # 0. Now 
if the critical 1” and k cause the simultaneous annihila- 
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SYSTEM 


tion of two or more A,(v # O) or cause one A,(v # 0) 
to vanish multiply, then we know the flutter mode 
must be expressible as a linear combination of vectors 
of the form (46) and hence the rotor still exhibits no 
deflection. 

We next discuss the flutter mode for the condition 
where Ay = O leads to the critical flutter velocity —..e., 
where the 1’ which annihilates 4) is the minimum anni- 
hilating velocity. Now if the critical velocity and re- 
duced frequency are inserted, then Ay = O and there 


. 2 ( 
existS a nontrivial three-component vector 1g » Jar Tu § 


such that 


y/n 6 n q° 
a Ay Bo Ja | = VO 50) 
pb Co Do qu 


Expanding Eq. (50) we see that the components ” 
Jas Guy Which we have shown must exist, satisfy the rela- 


tions 


vg + ndga + nqu = O 

ag’ + (a1 + a2 + as + .. + Ania 
(b} + bs + bs + + b,)qy = O (51 

bg + (a +o + os + + On)Ga 


(dy + dy + d3 + + dy )gu 


Hence the vector 


Ya 
Lqud 








0° 


lg", da du} is the solution of Eq. (50), satisfies 
and, in 


where 
all (27 + 1) of the original flutter Eqs. (29) 
case of simple degeneracy, is the unique solution of 
Eq. (29) to within an undetermined multiplicative 
constant. Now 
general a nonzero rotor oscillation g” and a blade sys 
That is, all blades os 


the solution vector (52) displays in 
tem mode with zero phase lag. 
cillate with identical blade mode q,, g, at equal magni 
tude (with equal frequency) and all blades are exactly 
in phase. Moreover, the rotor is no longer unaffected 
by the blades, but undergoes an oscillation of amplitude 
q'| at the same frequency as that of the blade oscilla- 
tion. The fact that a 
companies the in-phase blade mode is consistent with 


nonzero rotor oscillation ac- 
other considerations, since with ¢ = 0, sums of the type 

19) are no longer zero, but rather add up to 2, the num- 
ber of blades. Thus all blades exert equal torque upon 
the rotor with equal frequency and in phase with one 
Obviously under these conditions, the rotor 
Thus 


another. 
will in general experience a nonzero oscillation. 
we see that the only difference between the flutter 
problem for a system with rotor of finite inertia and 
that for a system with infinite-inertia rotor lies in the 
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zero-phase mode. If the zero-phase mode is not criti 
cal in either case, then the results in the two cases are 
identical. If the zero-phase mode is critical in the in 
finite-inertia-rotor case then the zero-phase mode oc 
curs with no rotor oscillation. It is difficult to gener 
alize in advance, but if it should turn out, in practice, 
that the zero-phase mode is seldom or never critical in 
either the infinite-rotor-inertia or the finite-rotor 
inertia case, then there would be little or no need to 
deal with the rotor at all 
assumed at the start and no need would exist for the 
determination of the elements (y, 6, 7, a, 8). This, 


however, is merely conjecture and, it must be empha 


i.e., infinite inertia could be 


sized, is not to be assumed until definite evidence is 
available to the effect that 4) = O and Ay = O are 
seldom or never the critical conditions. 

The occurrence of multiple degeneracy will be men 
tioned only briefly since the considerations involved 
are similar to those for the infinite-rotor-inertia condi 
tion. Again we define true multiple degeneracy as the 
condition where one pair |’, k causes several (4, A,) to 
vanish or one of these minors to vanish multiply 
Under these conditions the flutter mode will be expres 
sible at worst as some (in general undeterminable 
linear combination of modes of the form (46) or (52 
If none of the vanishing minors is jy, then the flutter 
mode will exhibit no rotor oscillation. Quasi-multipl 
degeneracy, the existence of two equa/, minimum anni 
hilating velocities I’ corresponding to two different re 
duced frequencies, leads to the possibility of flutter in 
either of two different frequencies at the single critical 
flutter velocity. 

Now it is important to note that all steps performed 
up to this point may be generalized to the case where we 
allow p rather than two degrees of freedom per blade. 
Once again 1 is of circulant-type form with respect 
to its pth order minors except for the first row and first 
column which take the respective forms 


iv, 01, 0», a 61, é 6). 

[y, a1, @, Ap, Ay a a 
Again the replacement of rows 2,3 pb + 1) by rows 
composed of the original row plus multiples of w, times 


each pth following row leads to a form analogous to 
form (35) while leaving the value of 4 unaltered. 
Again we expand | 4) by factors consisting of (n — 1 

pth order minors and one (p + 1)th order minor. The 
solution for the critical flutter conditions and modes fol- 
lows in exactly the same way as for the case with p = 2, 
and the general conclusions with respect to the resulting 
flutter mode are unchanged. 

In summarizing our findings for the case of a blade 
row mounted on a rotor of finite inertia we may state 
the following surprising conclusion. If the velocity 
\ which annihilates Aj exceeds the smallest of the 
velocities V, which annihilate the A,(v ~ 0) and if the 
velocity 7) which annihilates A) also exceeds the smal- 
lest \’,, then (1) the assumption of infinite rotor inertia 
causes no error whatsoever, (2) flutter frequency and 
velocity are the same for the infinite-inertia and finite- 
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inertia rotor conditions, (3) the blade mode and the 
phase lag between adjacent blades are the same for the 
two conditions, and (4) the rotor undergoes no oscilla 
tory deflection (g’ = 0). On the other hand, if either 
I) or |) is less than the minimum Il’,, then the infinite- 
inertia assumption leads to an error. If Vo is less than 
the minimum J’, but I’) is mof less than the minimum 
I”, then the actual flutter mode (for finite rotor inertia 
corresponds to the combination I’,, k, (which was not 
critical in the infinite-rotor-inertia case) and flutter 
occurs with zero rotor oscillation, blade mode corre- 
sponding to A,, and phase lag o, between blades. If 
l. is less than the minimum I’, then flutter (for the 
finite-rotor-inertia system) occurs with a nonzero rotor 
deflection (q” # 0) and with a blade mode correspond 
ing to the matrix for which A» is the determinant. 
Moreover flutter occurs with all blades in phase (¢ 
Q). 

It is interesting to state one of our results in a slightly 
different way: if the system leads to a critical flutter 
mode with nonzero lag between blades under the as- 
sumption of infinite rotor inertia—1.e., ) > V, for 
some vy —then there exists a finite value of rotor inertia 
such that for any value of inertia larger than this finite 
value the assumption of infinite inertia is exact. We 


can show this as follows: 

at hes ¥ _ 41, annihilates Ap 
se qo > V, Where 4+ ,, a 
= (1, annihilates A, 


i.e., |’, is critical under the assumption of infinite rotor 


inertia. Now as | y) becomes large 
Ao — yAo 


Hence I’, (the velocity which annihilates 49) approaches 
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I. Thus, there exists some finite value yy) such that 
for |y! > |y0|, Vo > V,and I, is critical. 

A final remark may be helpful in the actual process oj 
plotting V(o) or V*(a) for the case of finite rotor iner 
tia. While Aj = 0 does not actually fall into the scheme 
of the finite-rotor-inertia case, still, the evaluation oj 
the velocity and reduced frequency, |) and ky, which 
annihilate Ao, provides useful end-points on the curves 
I'(o) and k(c) for plotting purposes. 
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Interaction of a Shock Wave with a Thermal Boundary Laver 


(Continued from page 22) 


make it desirable to operate the test section at reduced 
pressure. Since an alternative approach to the prob- 
lem appears quite promising no serious effort has been 
made to resolve these difficulties. 

The principal mechanism by which the thermal layer 
disturbs a shock is a change in the local speed of sound. 
In a sense the change in density which accompanies 
heating at constant pressure is extraneous to the prob- 
lem. Prof. Walker Bleakney has suggested that the 
change in sound speed be produced by allowing gases 
of different molecular weight to diffuse through one 
In fact, the differential equations for dif- 
A zone of 


another. 
fusion and heat conduction are the same. 
nonuniform gas concentration suitable for experiments 
analogous to those with a hot or cold plate could be 
generated by allowing one gas to diffuse slowly through 
the air above a porous surface for a short time before 
A light gas corresponds to a 
Of the 
gases readily available hydrogen has the greatest sound 


the shock wave arrives. 
hot region and a heavy gas to a cold one. 


velocity and sulfur hexaflouride the lowest. The corre- 
sponding extremes of surface temperature would then 
be 4400°K. and 54°K. 


been constructed and we hope to report on the results 


An experimental model has 


in a subsequent article. 
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The Determination of Temperature, Stresses, 
and Deflections in ‘Two-Dimensional 
Thermoelastic Problems 


BRUNO A. BOLEY? 


Columbia University 


SUMMARY 


An analytical successive-approximation method for the solu 
tion of linear partial differential equations is presented first in 
and then applied to the solution of two-dimen- 
The method is ap- 


gencral terms, 
sional heat and thermal stress problems 
plicable when solutions are desired for bars or plates—.e., for 
The 


this procedure for example for the 


bodies with one dimension small compared to the others 
final expressions given by 
stress o consist of a number of terms (o = Yo;), where the term 
T/(Oxy* "|; B is 
the ratio of height to length of the bar, and x measures the dis- 
The first term of the series in that cor 


¢; is proportional to the quantity [B°'~0°' 


tance along the span 
responding to the assumption that sections plane before heating 
remain plane after heating; the solution obtained thus shows 
that this term provides a good approximation for thermal loadings 
varving smoothly along the span, and for thin bars. Similar 
results are obtained for the temperature and the deflections 
Explicit formulas tor the calculation of stresses and deflections 
we given. The validity of the Bernoulli-Euler hypothesis of 

Illustrative examples are presented 


The use of the method in 


beam-theory is examined 


for all the above developments 
problems in which the material properties are functions of the 


temperature is outlined 


INTRODUCTION AND OUTLINE OF RESULTS 


7 ADVENT of high-speed flight has increased the im- 
portance of thermal effects in aircraft design and has 
consequently accentuated the need for practical meth- 
ods of calculation of temperature, stresses and deflec- 
tions in many types of structures under a variety of 
conditions. A great deal of work in this area has been 
done, and it is useful for the purposes of the present 
paper to discuss briefly some of the investigations con- 
cerning thermal stresses in plates (see, for example, 
references 1, 2). These invesigations are based on the 
Bernoulli-Euler hypothesis that sections plane before 
heating remain plane after heating. Doubts as to the 
validity of this assumption have however arisen* and 
need clarification. The same type of uncertainty as to 
the soundness of the Bernoulli-Euler assumption existed 
in the case of loaded unheated beams, and was resolved 
by the work of von Karman‘ and Seewald’; the present 
paper is, in part, an extension of these investigations 
into the field of thermoelasticity. It considers the ef- 
fect of heating on beams, and deals specifically with 
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rectangular bars according to the two-dimensional 


theory of elasticity. The results are of course also valid 
for plates, if the temperature distribution is independent 
of one of the coordinates in the plane of the plate, and 
have been shown in a recent investigation to admit of 
extension to beams of any cross section. Briefly speak 
ing, one of the principal results obtained is a theory and 
formulas for the analysis of this type of structure, which 
establishes the basis for a thermoelastic strength of 
materials, and can be immediately applied in the same 
manner as ordinary beam theory in the practical solu 
tion of numerous problems. A general summary and 
description of these results is presented in the remainder 
of this 
illustrations are found in later portions of this paper. 


Introduction; more detailed derivations and 


Consider a rectangular beam of height 2c and length 
2L, subjected to a temperature distribution 7(x,y), 
where the origin of the coordinates x and yisin the center 


< 


c -L <x < QL). If the assumption is made that sec 
tions plane before heating remain plane after heating' 


of the beam (which thus occupies the space —c < y 


the familiar formula for the spanwise normal stress 
is easily derived: 


AjaE f TdA + (y I)ak Sf TydA 
(1) 


0; = —akl + (1 


where a is the coefficient of thermal expansion, / 
Young's modulus, the limits of integration must be 
chosen so as to cover the entire cross section, and for a 
rectangular section of width } the area and moment of 
inertia are 
A = 2b; IT = 2c%/3 (la) 
Eq. (1) is similar to the formula 


(P/A) + (My 2) 


0; = 


of strength of materials, which, though also derived on 
the above-mentioned Bernoulli-Euler assumption con- 
cerning plane sections, is known to yield very good re- 
sults from a practical standpoint even in cases in which 
this assumption does not hold.** The reason for the 
wide range of applicability of this formula may.be 
clarified by an inspection of the more general equation 


o, = (P/A) + M(y/D) + (d°?M/dx*)[((1/2)(y c)* - 
(3/10)(y/c)] + (terms containing only fourth and 
higher derivatives of J) (2a) 


which has been derived by Seewald.’ It is then clear 
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TABLE 1 
General Expressions for g; and the Corresponding Stresses; 7 = 1, 2, 3 
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that Eq. (2) holds rigorously only if the bending mo 
ment is either independent of x, or varies linearly 
tagadh that coordinate; if these conditions are not met, 
Eq. (2a) gives the axial stress either in closed form (if 
M is a polynomial in x) or in an infinite series in a 
Most moment distributions encountered 
(except in the im- 
their 


general case. 


in practice, however, are “smooth” 


mediate vicinity of concentrated loads)-—1.e., 
higher spanwise derivatives of M are small, or in other 
words, .1/ can be expanded in a rapidly convergent power 
series. Thus in very many practical cases use of the 


elementary Eq. (2) can be justified on theoretical 
grounds. 

It is shown in this paper that similar statements can 
be made with regard to the thermal problem and Eq. 
(1). Consider in fact the expression for o, given in 
Table 1, which can be rewritten in the following non- 


dimensional form: 


TABLE 2 
Expressions for g; and the Corresponding Stresses for 
Temperature Distributions Independent of y 


a en won 
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ak ] : g se | nf iat 
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O(x L)2 | sf : ‘ ” 


(1/6)(1 + 12 + 24 vig Tdn + (2/5)(5 + 


21n — 10.0) $ Tn _— 2g Tn°*dn — of Pn'dn, + 


}terms containing only fourth and higher derivatives 
of 7 with respect tox; (3 
where 


n = y/(2c); B= (c/L) (Sa 


and the remainder of the notation is defined in Table | 
The first term of Eq. as the right-hand 
in the 


(3) is the same 
side of Eq. (1) put in nondimensional form; 
other terms the higher derivatives of 7 with respect to 
v appear in exactly the same manner as the derivatives 
of AJ in Eq. (2a). 

the validity of Eq. 
well, provided that the temperature is substituted for 


The previous discussion concerning 
(2) therefore applies to Eq. (1) as 


the bending moment, and in particular it follows that 
Eq. (1) can be used in practice for any smooth tempera 
ture distribution. 

The nondimensional form employed in Eq. (3) fur- 
thermore shows that, for a given temperature distribu- 
tion, convergence will be improved [and thus a closer 
approximation will be provided by Eq. (1)] as the as- 
pect ratio 6 decreases. 

Attention should be brought at this point to an ex- 
ception to the above statements which arises only in the 
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thermal problem. Consider in fact a temperature dis- 


tribution independent of y; then the expressions of 
fable | reduce to those of Table 2, which shows that 
Eq. (1) yields a zero value for ¢,. Obviously then the 
second term of the expansion—i.e., that proportional 
to (0° Ox 


lected. The same situation will arise when the tem 


will be predominant and cannot be neg- 


perature is of the form 
T= F(x) + yFi(x (3b 


The discussion presented in the section ‘Calculation 
of Deflections” shows that the Bernoulli-Euler hypothe 
sis holds only if 7 is independent of the span, as may be 
expected from the fact that shear stresses (see Table | 
do not arise in this case. In addition it is shown there 
that an expansion in terms of successively higher de- 
rivatives of 7’ in the manner of Eq. (3) is possible also 
in case of the curvature (1/p) of the beam, so that the 


appr‘ ximate formula 


EI(1/p F alily dy (4 


can be expected to have the same range of validity as 


the familiar equation 
EI(1/p) = M (4a 


of strength of materials. These results are analogous 
to those obtained by von Karman‘ who showed that 
the curvature of a loaded beam can also be expressed in 
a series whose terms are proportional to successively 
higher derivatives of J. 

The results discussed above thus constitute an ex 
tension into thermal problems of the fundamental 
work in beam theory done by von Karman and Seewald. 
These investigators derived their results with the aid 
of an integral transform technique, and then expanded 
the bending moment distribution into a Taylor series 
along the span. This technique has the advantage 
that it can be used to examine the behavior in the 
vicinity of discontinuities such as are introduced by 
concentrated loads, but it becomes very cumbersome 1n 
the derivation of the particular results needed here. 
It was noticed, however, that these results could be de- 
rived by a step-by-step solution of the governing dif 
ferential equation; and, furthermore, that such a pro 
cedure was of a very general character and could be 
applied to other linear partial differential equations as 
well. The method is discussed therefore in general 
terms in the section which follows, and then applica 
tions to the solution of the heat equation and of the 
thermoelastic equations with variable mechanical 
properties are discussed. In particular, it may be 
pointed out that the solution of the heat-conduction 
problem for a beam with thermal boundary conditions 
varying along the span can be expressed in a series 
whose terms contain successively higher derivatives 
of the quantity specified in the boundary condition) ; 
thus for smooth variations formulas for the tempera 
ture distribution valid to the same degree of approxima- 
tion as Eq. (1) can be readily obtained. The use of the 
above-mentioned step-by-step solution procedure in 


the various problems of interest here is outlined in 
Table 3. 


tion problem with this method is presented below; the 


An example of the solution of a heat-condue 


derivation of the formulas of Tables 1 and 2 can be car 
ried out without difficulty with the equations of Table 
5 and is therefore not presented. \dditional details 
may be found in reference 9. 

The author wishes to express his appreciation to 
Prof. Jerome H. Weiner for his valuable contributicns 
to the developments presented in this report, to 
Emanuel S. Diamant and Irwin S. Tolins for their 
work on the preliminary phases of the investigation, and 
to C. C. Chao and F. H. T. Liu for their assistance in 
the final portions of the work. 


METHOD OF SOLUTION 


Let the solution be required of a differential equation 
of any order n of the form 


(Dyr + Dyyr + Dyr)z = r(x, 9,4 (5 


where s is the dependent variable, and where the linear 
partial differential operator (Dy; + Dyyr + Dyr) has 
been divided in three parts chosen so that no derivatives 
with respect to x appear in Dyr, none with respect to y 
in Dy7, and only terms containing both such deriva 
tives appear in Dyyr. Let the solution be desired for 


the range v(x) © vy < w(x); my) S x < wl): 
f > 0; and assume the boundary and initial condi 
tions to be of the form: 


n ] 


=~ , OZ ‘ 
Yk X1.9(x, f when y = y,.0(% (Sa 
j=0 OY ; 
1 l fa ™ 
> ey = V,2(y, ¢ when x = XxX,2(¥ Sb 
7=0 Ox : 


n=l Oe 
0 Or 


when ¢ 0 (5e 
where the k’s are constants. A method of solution of 
Eq. (5) under these boundary conditions will now be 
outlined; it will be useful when solutions are desired for 
a thin strip—i.e., when (ve — 1) < (xs vi). Let 
the solution of Eq. (5) be written in the form 


> 


t FF 6 


where the z,; functions are to be determined as indicated 


below. Substitution into Eq. (5) gives 
Dyr + Dxyr + Dxr)(2 + Dyr(s T 
> [Dy7 (2 + (Dyy7 t Dyr)z 1 | F(x, y, f (ba) 


) 


It is therefore clear that Eq. (6a), and therefore also 


Eq. (5), will be satisfied if the 2; functions are chosen 
so as to satisfy the following relations: 
Dy7 31 = Fy  - Vy, l 7a 
Dyr (; (Dyy7 T Dyr)z 1 + F(x, y, f 
i 2 , 4 (7b) 
(Dyr + Dyyr + Dyr) 20 = O (7c) 
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TABLE 3 2 
Equations for the Solution of the Heat and Thermal Stress Problems = 
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SOLUTION E@s (70)- (7b) T Fes same 
FRon (ido): QS. (7e) - (79) but i 
ot | 
ee. E@.(8) ot E@.(il) | Stresses ave self-e guili brotin (see bdey cond); hence tion 1 
| it fellows from tes ad (33 that LP, =o | the o 
| stress 
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ox” ay 2x Dx2 
A analc 
temp 
where the F; functions can be chosen in any convenient solutions presented in the following sections (see Table heat 
manner, provided, of course, that 3) the functions z; will be defined in such a manner that 
P each contains derivatives with respect to x of a single 
=) F (vd) order only; thus in the solution of the heat equation the ae 
mn a : first of the methods just described will be employed, yi 
Phe ugandben which the Oe 5; the variable . while for the determination of the stresses the second ) 
re defined 1s not unique; for example, if they are was used. In any case, both the system (7a)—(7e) or P 
chosen so as to satisfy the following relations: the system (7e)-(7h) have certain characteristics in 
Dyr2a, = F, (x, v, 0) (7e) common, which will now be discussed. ‘ 
a i Solution of (7a) and (7b), or of (Ze), (7f), and (7g) is 
Dye = Dyyrty + F(x, y, t) (41) ‘ . ‘ P a ~ " 
: evidently simpler than that of Eq. (5), since no de- i 
Dyr2; = —Dyyr2;-1 —Dxr2i-2 + Fix, y, b) rivatives with respect to x appear in the left-hand sides 
i= 3,4,5... (7g) of these equations, and therefore the role of this inde- ‘ 
™ vendent variable has been reduced to that of a param- 
(Dyr + Dxyr + Dxr)zo = 0 (7h) | ae : cag. 
eter. However, it is possible to satisfy with each 
it is easily seen that Eq. (5) will again be satisfied. function 2,(¢ # 0) individually only conditions (5a 
Other manners of defining the z; functions can of course and (5c); the function z9 must then be chosen so as to 
be devised; the individual functions z; will be different satisfy homogeneous boundary conditions in place of ; Fr 


in each case, but their sum will be the same. In the Eqs. (5a) and (5c), as well as 
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TEMPERATURE, STRESSES; AND DEFPL 
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at x = x0(¥ 7% TR ‘(2 ¢ Q)] | | mi exp Sart, 
\ l6c7t,) |d t Q 


Clearly the exact determination of 2) is, in general, as 
difficult as the solution of the original problem; for 
tunately it is possible in the case of a thin-strip to obtain 
yn approximate and at the same time adequate expres- 
sion for this quantity. 

Consider first an infinite narrow strip, that is the case 
of F a Conditions (5b) would then ordinarily 
be replaced by the requirement that z and some of its 
lerivatives remain finite at x + o, and will be 
automatically satisfied if this requirement is consistent 
with the behavior at infinity of the functions F, Y 
ind .\ In this case then zy) = 0. 

In the case of a long but finite strip, one may write 

Vi) < (ve — x), and an approximation to 2» 1s 


the solution of 


Dyrz 0) S 
vith 
" “s n—1 - 
C , 1 0% _ l Vy. oe ay o's; | 1, 
fal Ox Vo — Vie 1j=0 Ox | ; 
when x X1,2 Sa 


fhe resulting expression for 2) will then be independent 
y. The error introduced by this approximation can 
be found by solving Eqs. (7c) or (7h) under boundary 


Comparison of and (Na 


condition (71). Eqs. (71 
shows that the average correction to the quantity on 
the left-hand side of these equations is zero. The actual 
general determination of this error is again a task of the 
same difficulty as the solution of the original equation; 
but in the problems of temperature and stress distribu 

tion the error is negligible except in short distances [of 
the order of (v2 — y,)] at each end of the strip. In the 
stress problem this follows from Saint-Venant’s princi 
ple’; in the heat problem it is intuitively clear that an 
analogous principle will hold. As an example, the 
temperature 7 in a semi-infinite strip of height (vy. - 
2c) due to a suddenly applied “‘self-equilibrating 

heat input Q = Qy cos (m7 y c) at x = O can be verified 


of 








HEAT hy 
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r 7 
2c ~x 
= 1 
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06 0.8 1.0 “2 4 
‘x 
FIG.| 2c 


Decay of temperature with distance from self-equilibrat- 
ing heat input 


or, in a form more suitable for calculation 


2x KT /'cQ e*™ 1 + erf [2r~ 
v (4cev t,)] "heidi erf [2ry 
v/‘(4cv~ t,) | Qa 
where the nondimensional time /; xt 4c*, and where 


« is the thermal diffusivity of the material. A plot of 


these expressions, shown in Fig. 1, clearly indicates that 
only a limited region is appreciably affected by the 
heat applied.* 

The solution of Eq. (5) has thus been reduced to that 
7g)] and (S), 


s 


of Eqs. (7a), (7b) [or Eqs. (7e), (7f), and 
together with the appropriate boundary conditions; 
application of these equations in the specific problems 


Fable 3 


and in the examples which follow with reference to a 


of interest here is considered and illustrated in 


rectangular region defined by 


és y SG Ch se £ 3 ‘ak & 
Qh 
EXAMPLI 


TEMPERATURE DETERMINATION 


Let it be desired to find the teniperature distribution 
in the rectangular bar defined by Eq. (9b), when heat 


is applied te the side v +c at the rate 


@) Oona &): 7 LO 


c 
Gis €¢ 


all other edges being insulated. For the time being 


this heat application is assumed to be suddenly started 


at ¢; = O, and to be continued thereafter at a constant 
rate; other types of time variation are considered 
later. The equations for the functions 7); are easily 
found from Table 3; the boundary conditions are 
07; yO when v ( 
A 10a 
Ov 10 when y ( 
oT; ov = 0 when vy = + « 1>2 (10b 
The function 7) 1s then readily found to be* 
iN F j | | 
Qei(h, n Qs) 4h 4 n+ 
2Qy ' Z 2 
») > , n 
| - = l € ( 
~_ | COS NT 1 yn + > (10e 
6 wT n=! nN 2/5 


then be determined in a 
the result is 


The other functions 7; can 


straightforward manner (see reference 9 
*It is interesting to note in this connection a difference i 
Saint-Venant’s principle in the stress and heat problems, whet 
used with transient disturbances. It was pointed out in reference 
7 that Saint-Venant’s principle holds in dynamical problems only 
if the loads are applied sufficiently slowly: that this restriction 
is not necessary in the heat problem is illustrated in Fig. 1 The 
different behavior in the two cases arises from the different char 
respectively) of the governing 


acter (hyperbolic and parabolic, 


differential equations of the two transient problems 
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Fic 2. Variation of temperature with time at & = 0,7 = 1/2, 


for (a) suddenly applied heat input and (b) heat input varying 
according to Eq. (13) 
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and so forth. Note that primes indicate differentiation 
with respect to &. It may be noticed that, in general, 
7’; is proportional to the 2(7 — 1)th derivative of q 
with respect to &; thus it is clear that, if g is a poly- 
nomial, only a finite number of 7); functions will exist 
Thus 7; 
represents the entire solution if g(£) is a polynomial of 
the first degree at most; (7) + 7») if g (&) is a polyno- 
mial of the third degree at most; and so forth. For g 
functions other than polynomials no such simple re- 
sults can be obtained; but certainly if the function is 
i.e., if its higher derivatives de- 


and so no question of convergence arises. 


sufficiently “smooth” 
crease sufficiently fast-—good convergence will be ob 
tained. 

The quantity 75 still remains to be determined; it 
is the solution of the equation 


k(O°79/Ox") = (O7>/OAL) (11) 


together with the appropriate boundary condition given 
by Eq. (Sa). If, for example, the ends x = + L are 


insulated, the pertinent solution is 


To a 


h (1/2) x 
(1 a f d ng2, — e0)(3 T,’ ) _ 
0 -(1 » | i=1 g (1/28) 


f(t,8", + e=)(>> r) ; dn dt, (11a) 
i l 


&= + (1/28) 
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where dots indicate differentiation with respect to / 
and f is given by Eq. (10c). 
In order to proceed with the determination 7) it js 


' 
| 


impractical to leave g(é) in general terms; therefore g 
specific example was chosen—namely, 


g(é) = 1 + (qo)B( E+ 2BE-); — < (1/28 |? 
where go is a constant. Then Eq. (lla 
some manipulation, 

Tok a J ty fy l : 
= ¢ (f)< — + — £5 — 2E ib} 
2CQo A a 18? \6 


1 /7 erie) ies iol 
— 3&6 — 2&8? + 476% + 4£164 


96 B* \6O 


; 1\ ]I 
cos} um\ ge + 5 ( (12a 


In this case g is a polynomial of the second degree and 
therefore 7°, = O for 7 larger than 2. 
The variation with time of the temperature as given 


by the above formulas at x = 0 and y = c is plotted in 
nondimensional form in Fig. 2. The values gy) = 
—(1/2) and 8 = 1/5 were chosen for the numerical 


example. Also shown on the same figure is the tem 
perature at the same point due to a heat input (* 


varying with time according to the law 
O* (&, th) = Qoglé) te ™ 13 


where a is a nondimensional parameter chosen here a 


7 A plot of Eq. (13) is shown in the inset 


equal to 2.5. 
of Fig. 2. The temperature 7* due to Q* is, from 


Duhamel's formula, 
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Fic. 3. Variation of temperature with distance along the span 
at » = 1/2, t, = 0.05 for suddenly applied heat input Q = 


Qo (1 — 0.1 — — 0.04 &?). 


FIG 
value: 
varyll 


wher 
for | 
dicat 

Al 
the s 
nond 


¢ afm 


1" 
heat 
use 0 
1S 1) 


for | 


wher 


Som 
in re 
must 
of E 
depe 

a, 
2cal 


TEMPERATURE, 














12 - 
: y=-c (COMPR) 
5, alter (Q) 
O5+} 
a () 
y=0 (TENSION) 
SP Se 
ol | Te Tl ———— 
ols yo us 2j0 t 
FIG4 
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, where 7(f,) is the temperature previously calculated 
‘e€ and s . ° aa ae, : ‘ 
for heating suddenly applied. The integration in- 
. dicated in Eq. (13a) was carried out numerically. 
given “4: , . 
i Ij An example of the variation of the temperature along 
ed in : : Sige ; 
the span of the bar is presented in Fig. 3, in which a 
d = 
10 ° . - . - 
rical nondimensional plot of temperature against & for y = 
eCT1Cal a - . a 
ne c and tf; = 0.05 may be found. Again @ = 1/5 and 
em ¢ 
: go = —(1/2). 
it QO 
STRESS DISTRIBUTION—-EXAMPLE 
(13 = i ; 

The stresses arising in a rectangular bar under the 
ere a heat input of Eq. (10) can now be calculated by direct 
inset use of the formulas of Tables | and 2. The temperature 
from is given by Eqs. (10c)—(10e); direct substitution gives 

for example, for the stress o,) the expression 
a , l "° 4 
Isa a, (2 akQo) | - g(t) — + : 4 
| la te 
(—1)” one l | 
Zz em cog) nx (9 + — 8 4S’> + 
n=l Ww 2 f 
j | n° n' n° r | 
q’'(&) 4h — + = + 5 
CU \24 2 12 24 2880 
12 
| Ss’ | 16? — — + 48t, Jn | — 96nS_’ + 
” 
2 y(-De"™ = l\ }I 
zs (2 + n?r°t)) cos} n\n + 
Tin=1 n* 2/ \s 
(14 
where S'= > le (n'x’) | 
’ 1,3,5 
Some details of the derivation of Eq. (14) may be found 
| imreference 9. To the above expression for the stress 
| must now be added the stress due to the temperature 7» 
| of Eq. (12a). This portion of the temperature is in 
dependent of y and therefore Table 2 applies; the result: 
o,K rf n” 
- = 7," <{— — 4 
2cakO (24 2 
yan t > - ) 
= arene YU U] ‘ ' 
To J — + r + (l4a 
(12. 24 28808 


STRESSES, 


AND DEFLECTIONS i3 


The expression of Eq. (14) is exact if g is that given by 
Eq. (12), while Eq. (14a) contains even in this case an 
infinite number of terms. Numerical calculations 
showed, however, that the series contained in the latter 
equation is very rapidly convergent, and that, in fact, 
even the first term provides a reasonable approximation. 
Some numerical results are presented in Figs. 4 and 5 
both for suddenly applied heat [see Eq. (10)], and for 
heat application following Eq. (15). 

Figs. 3 and 5 show the variation of temperature and 
stress, respectively, with the distance along the span; 
also shown in these figures is the variation along the 
span of the applied heat Q according to Eq. (11 In 
spection of the calculations from which these results 
were obtained shows that, as indicated in the Introduc 
tion, the first terms of the expression for these quanti 
ties—i.e., 7; and g;—are of paramount importance, 
while even the second term may be neglected. 


CALCULATION OF DEFLECTIONS 


The deflections of the bar considered in the previous 
developments are easily calculated from the stresses 
given in Table 1. The dispiacements in the x and y 
directions are respectively denoted by u and v and must 


satisfy the equations® 


E(0u/O0x) = o, — voy + akT { 
E(Ov Oy) = o, — vo, + ak (15 


E[(Ou/Oy) + (Ov/Ox)] = 211 + v)r 


The desired result is easily obtained by substituting in 
Eq. (15) the expressions for the stresses in terms of the 
stress function of Table 1, and integrating the first and 
second of Eqs. (15) with respect to x and y respectively. 
The arbitrary functions (respectively of y and x) aris 
ing during this process are then adjusted so as to satisfy 


the last of Eq. (15). The final result is 
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Variation of stress ¢, with distance along the span at 
n = 1/2, t = 1 for suddenly applied heat input Q = Q» (1 
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firs 


yx f° .. { : 
| lyi dy + l6a) 
ne 2 . “f 
and 
=i C3— Cox, + [ f & LT vdvedxdx + 
a ' ’ J apd —0N Be" 2 ae ; 


Sar 
Ty? dy¢ + (16b) 


ae 


Both the right-hand sides of Eqs. (l6a) and (16b) 
contain successively higher derivatives of the tempera- 
ture with respect to x, and therefore will converge under 
conditions similar to those mentioned in the Introduc- 
tion. The rigid body displacements of first bracket in 
each of the above expressions depend on the constants 
(, C, and c3;, which are to be determined from the 
boundary conditions of the problem. The next bracket 
represents a contribution due entirely to the function 
¢1 of Table 1. This portion, in the case of the displace- 
ment u#, 1s linear in y, and therefore follows the assump- 
tion that sections plane before heating remain plane 
after heating, and may be seen to be rigorously valid 
only for temperature distributions which are inde- 
pendent of the distance along the span. Eq. (16a) can 
also be used to estimate the error in any elementary 
theory developed on the basis of the Bernoulli-Euler 


hypothesis. The corresponding term for the displace- 


ment v depends upon the integral 7 y dy, which 
plays in fact a role similar to that of the bending 
moment in elementary beam theory. It is interesting 
in this connection to calculate the average curvature; 


it is 


dy. _ J 3 f Tydyt + 5-3 f <a 
dx? lat IG VU ed ae? 7 


f O77 \ - 
; a —~wrdye + (17) 
4e3J-< Ox2- Sf 
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and is therefore expressible in the form discussed in thy 


Introduction [see Eqs. (4) ]. 


STRESS DISTRIBUTION-—-VARIABLE PROPERTIES 


In all the above developments it has been assumed 


that the mechanical properties of the material are in 
dependent of the temperature. However, this was not 
found to be the case in an experimental investigation 
conducted by the NACA,'" !* which led to the following 
approximate formulas for the variation of the modulus 
of elasticity /, the shear modulus G and the coefficient 
of thermal expansion a@ for 75S-T6 aluminum alloy 


KE = Ey — (14707 + 15 17*)) 
G = Go — (14407 1.87? Is 
a= at 3.52 X 10°T 


In these expressions the subscript 0 indicates the 
properties at 7’ = 0. The values ky = 10.5 X 10 
Ibs. per sq.in., Go = 4.0 & 10° Ibs. per sq.in., and ay = 
12.52% le 

Examination of Eqs. (18) shows a considerable varia- 


°F. are suggested for the above material. 


tion of material properties with temperature. The 
variation of a@ provides no new difficulties, since it 
merely changes the right-hand side of the governing 
equation (Table 3) and therefore corresponds to a dif- 
ferent applied temperature function. The variation of 
and G (and therefore v), on the other hand, requires 
use of the equation given in Table 3, which, though still 
linear, has variable coefficients. Considerable doubt 
has been recently thrown, however, on the correctness 
of the variation of / and G as obtained above, and the 
opinion has been expressed'* that a more critical inter- 
pretation of the experimental evidence might reveal 
that the moduli of elasticity vary very little, the ap- 
parent variation being due to a neglect of the viscoelas- 
tic effects. This problem can not be dealt with here; 
nevertheless it is shown below how the general method 
employed throughout this paper is applicable to the 
present equation as well. It will then remain for 
future research to determine the type of problem in 
which such a solution is of importance. 

The solution of the problem can be found without 
difficulty with the aid of Table 3. The function 


vi, for example, is 


i -| | (-—aET+aqEy+e8k)dydy (19 


where the values of ¢; and c, required to satisfy the 


boundary conditions are 


qQ = 


(Feva fae) (fs 
. UJ | “kT y dy) 
(J ‘By iy) a ( | K iy) (| - is) 


(19a 
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19b 


Note that c; and c. are functions of x if 7 (and therefore 
With these quantities the 


first terms of the expressions for the stresses may be 


E) vary along the span. 
derived. In particular, it is interesting to note that 


the first term of the stress co, is 


01, = —-aklTl+ak yY + Cs E (19¢) 


and has therefore the same form as that given in Table | 
and could be obtained on the basis of the Bernoulli-Eu 
ler assumption. Of course the constants c, and « 
are different here from those of Table 1, though they 
become identical (and this is true of all corresponding 
expressions in the developments for variable and con 
stant properties) if /° is taken to be constant. As in 
the case of constant properties [see the discussion pre 
ceding Eq. (3b)] the stress given by Eq. (19¢) is zero 
if Eq. (3b) holds. 

In the case of constant properties, the expression for 


g, analogous to Eq. (19¢c) was found to be exact for 


temperature distributions with O°(a7)/Ox? = 0. In 
the present case, however, it will be seen gy. contains 
terms of the type O (a7/’)/Ox; hence ¢i(t > 2) will 


vanish, and Eq. (19) will be exact, only for temperature 


distributions independent of the span. 
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An Investigation on Fully Developed Turbulent Flows 


Continued from page 34 


(g) An agitation of radial movements near the outer 
wall and a suppression of such movements near the inner 
wall can be speculated as the explanation of the experi 
mental fact that the integral scales L, and L, are larger 
at the outer wall than at the inner wall. (See Figs. 25 
and 24 

h) The distribution of l’ shows that both d(l’r) d 
and d(l 
at the inner wall. 
production at the outer wall explains the larger turbu 


vy) dry are much larger at the outer wall than 
The consequent larger turbulence 


lence intensity there (Fig. 7 
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Compressibilitv Effects on Secondary Flows’ 


H. G. LOOS* 
California Institute of Technology 


SUMMARY 


The method of W. R. Hawthorne for the calculation of the 
secondary vorticity is generalized for compressible flow. It is 
shown that in the linearized theory (small vorticity) the influence 
of compressibility upon the secondary vorticity is due to (1) the 
entropy gradient in the approaching flow and (2) the compression 
of the fluid during the turning of the flow. The analysis is applied 
to the secondary vorticity which generates in a cascade or bend 
if the approaching flow has Prandtl 
Number equal to unity and has been developed along an insulated 


a boundary layer with a 


wall 

For a cascade with a passage cross section which increases 
linearly with the turning angle and at the exit is 1.4 times the 
entrance cross-section area, the compressibility correction, to 
be applied upon the secondary vorticity, amounts to 24 per cent 
for a cascade entrance Mach Number of 0.8. 

The problem of determination of the secondary flow down 
stream of the cascade, which is associated with a given secondary 


vorticity, is the same for compressible and incompressible flow 


SYMBOLS 


q = velocity vector 
@® = vorticity vector 
We = vorticity component in stream direction 
w = vorticity component normal to streamline 
p = density 
i i = temperature 
S = entropy 
( = specific heat at constant pressure 
R = radius of curvature of streamline 
a) = flow angle 
V = Mach Number 
= ratio of specific heats 
o = angle between centripetal acceleration and the vector 
q X (c, grad T — To grad S 
€ = small parameter 
f\, fs = correction factors 


INTRODUCTION 


— STUDY OF ROTATIONAL FLOWS 1s oi consider 
able importance for the understanding and an 

alysis of three-dimensional flows in turbomachines 
A most interesting aspect of rotational flows is the de 

velopment of a vorticity component in the stream 
direction (secondary vorticity), due to a curvature o/ 
the streamlines in the presence of a vorticity component 
normal to the stream direction. The development of 
the secondary vorticity has been studied by H. B. 
Squire and Kk. G. Winter in reference 1 and by W. R. 
Hawthorne in reference 2 for incompressible fluids. 

Received November 4, 1954. 
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Mac h 
Number of the flow entering the compressor is usually 


In modern turbojet propulsion plants, the 


so high that a study of the influence of the compressi- 
Another 
case where such an investigation might be of interest 


bility on the secondary flow seems desirable. 


is the secondary flow in a turbine, following a com 
There we can expect appreciabk 
the 


bustion chamber. 


temperature gradients, caused by combustior 
process. 

In the present investigation, the method of Haw 
thorne* to derive an expression for the secondary vor 
ticity is generalized for compressible flows. An appli- 
cation to cascades, approached by a flow with a bound 
ary layer, developed along an insulated wall and with 
a Prandtl Number equal to unity, is given, and an 
estimate of the compressibility effects on the secondary 
Some attention is given to the 
flow 


from a 


vorticity is made. 


integration problem in compressible 


secondary motion far downstream cascade 


with a given vorticity field. 


THE LINEARIZED EQUATION FOR THE SECONDARY 
VoORTICITY 


Let g denote the velocity vector, w the vorticity 


vector, w, the component of the vorticity in the direc 
tion of g and p the density of the fluid. 
vector may be resolved into its components in the flow 
direction and perpendicular to it, 


Ny qXw Xq 


= pq + ; 
pq q 


The divergence of the vorticity vanishes, hence 


Wo .. eo, , : q xX w) X q 
div (pq) + pq-grad + div 0 (1 
pq pq q 
For steady flow, div (pq) = 0 and Eq. (1) reduces to 
We , XK w!) X 
pq: grad = —div : = 
pq q 


The equations of motion require that 
q X w = ¢, grad 7) — 


T grad S 
= Cc, grad 7 T 


grad S + (1/2c,)q* grad S 
and S the en 


This relation substituted in Eq. (2 


where 7) is the stagnation temperature 
tropy. gives 
—div }(1/q?) [(c, grad 7) — T 
grad S) X q]\ 
grad S XK gq 3 


pq: grad(w, pd) = 
—(1 ‘2c,) div 


We use the identities 


for the 


The vorticity 


Then |] 


og: gta 


With t 


the firs 


grad 


The ve 
stagna 
Sis pe 

q:V) 


betwee 


where 


5) can 


becaus 


pq: gra 
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pq: gra 
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div (grad S XK gq) = curl grad S-g — grad S-curl g 


= —w-grad § 


liv } 7) [@ X (cp grad Ty) — Ty grad S lt} = [grad (1/q")]-[q@ X (c, grad Ty) — Jo grad S)} + 
q*) div |g X (c, grad 7 I, grad S 
id 
div |g X (cp grad Ty — Ty grad S)] = (c, grad Ty — 7 grad S)-curl g — q-curl (c, grad ] Ty grad S 
(c, grad 7) — Ty grad S)-w — c,g-curl grad 7, + g-(grad 7) X grad S) + g-(/o curl grad S 
c, grad 7, — 7) grad S)-w + g-(grad 7) X grad S 


Then Eq. (3) may be written 
og-grad w, pg = [grad (1 q*)]-[g X (c, grad Ty) — Lo grad S } 4 


1 g*) [(cp grad T, — To grad S)-w + q-(grad 7) X grad S)| + (1 2c,)w-grad S$ f 


With the identity 
grad (1 g?) = —(1 q*) grad g? = —(1 q*) [2(g-Vig + 2¢ X curlg 


the first term on the right-hand side of Eq. (4) becomes 


grad (1 g?)]-[¢ X (c, grad T) — To grad S)] = —(1 q*) [2(¢-Vig + 2¢ X @]- lg X (c, grad 7 7, grad S 


he vector (g-V)g is easily recognized as the acceleration vector for steady flow. For a flow of an inviscid fluid, the 


stagnation temperature 7), and the entropy S are constant along streamlines, so that the vector c, grad / 1) grad 
Sis perpendicular to the vector g. Also, g X (c, grad 7) — 7) grad S) is perpendicular to g so that in the product 
q:V)q|- lg X (cy grad T, — T) grad S)] only the centripetal acceleration gives a contribution. Ii 9 is the angle 
between the centripetal acceleration and the vector g X (c, grad 7) — 7) grad S), then we have 
l(q-Viq]-lg X (cp, grad 7) — Ty grad S)| = (q* R) cos @ c, grad Ty — To grad S 
where R is the radius of curvature of the streamline. The product (¢ X w)-[g X (c, grad 7) — 7 grad S)! in Eq 


5) can be expanded as 


g?{w:(c, grad T) — Ty grad S)] — [g-(c, grad Ty) — Ty grad S)] (w-g) = g’w-(c, grad T T) grad S 
because g and c, grad 7, — 7) grad S are perpendicular. Use of these relations in Eq. (4) yields 
pqg-grad (w, pg) = (—2 gR) cos ¢\c, grad T o grad S| — (2/q*)w-(c, grad Ty — To grad S) + 
(1/q*) [(c, grad T) — Ty grad S)-w + q-(grad 7) X grad S)] + (1 2c,\w-grad S 


and after combining the terms on the right-hand side, one finds 


og-grad (w, pg) = (—2'gR) cos ¢\c, grad 7) — 7) grad S' + (1 cy)w-grad S + (1° q°)qg-(grad Ty X grad S 6 
Integration of Eq. (6) along a streamline gives 
w. | e200 «*~ 2 | 1 7 
=— — cos ¢|c, grad Ty) — To grad S\do + q:(grad 7) X grad S) + w-grad S | do 7 

pq | J 1 pg°’R J 1 pq* pqe J 
where do 1s a line element of the streamline. 

If grad 7) and grad S have the same direction—.e., o = "+ €¢ 4 
ii the stagnation temperature and the entropy are con R = R© + ¢R” 4 


stant on the same surfaces—then the last integral in ; See 

Ra. (7 ‘} where g‘” is chosen such that it fulfills the equations 
‘q. (7) vanishes. é Sr ai 

a s = of motion and continuity, that curl qg 0, and 

Eq. 7) does not express the secondary vorticity w, ’ . jo 
seit $ : that the corresponding stagnation temperature and 

explicitly, because the integrands depend on ». On 


5 a ; entropy, 75° and S,“ are constant. 
the other hand, Eq. (7) lends itself very easily to the 


Introduction of these power series expansions in 


ipplication of a perturbation procedure. saa : . - , 
. : cp ee Eq. (7) and separation of the different powers of € gives 
‘xpand all fields of interest in a power series in the for the first-order perturbation 
small parameter e, 
wf) 1° [ 2 17 
= o) t. ¢ . = _— COS @O grad 

q q q ; pg” 4 J1 pg R 

wi _— “ €@® ee 7 grad S de g 

Ty = T% + €7 +. 

S = §S%+¢«SM+..., If the zeroth-order field is known together with 

p = p™ + € p\? + the first-order perturbations of the flow conditions 


ad 
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at point 1, then the first-order solution for the secondary 
vorticity can be calculated with Eq. (8) for all other 
points on the same streamline of the zeroth-order 
flow. This calculation involves the knowledge of grad 
7, and grad S“, which can be derived from the 
given flow perturbation at point | and the fact that 
both 7),)' and S are constant along the zeroth-order 
streamlines. 

If the infinitesimal change in flow angle dd) = da R 
is introduced, Eq. (S) can be written in a somewhat 
more convenient form, 

2 0 
w, — } cos d | eeead Tet 
J 


0 0 


p\"'"” 
T, grad S®|dd (9 


A comparison with the formula of Hawthorne? shows 
that the compressibility has two effects: (1) the en- 
tropy distribution of the approaching flow is in general 
nonuniform and this gives rise to an additional second- 
ary vorticity generation; and (2) the streamwise density 
variations in the region where the secondary vorticity 
develops modifies this vorticity generation. 

Eq. (9) is valid when grad 7») and grad S are small. 
It is possible, however, to apply the small perturba- 
under less restrictive assumptions. 
Ty) grad S| is small, but if not 
S are small, then the angle 


tion 

When 
both grad 7) 
between the vectors grad 7) and grad S should be 
In both cases, 


technique 
cp grad Ty 
and grad 


small, or one of these vectors is small. 
(grad 7) X& grad S) in Eq. (7) is a small vector and 
w: grad Sis a small number, so that w, is also small and 
the perturbation procedure is applicable if the second 
integral in Eq. (7) is properly taken into account. As 
in most cases where the perturbation procedure is at 
all applicable, both grad 7) and grad S are small; 
we shall only consider this case and use Eq. (9) as a 
linearized equation. We can express this equation 
in a more convenient form by writing 


c, grad Ty — Ty grad S| = 
c, grad 7) — T grad S — (Ty — 7) grad S 
and 
(Ty — T)/yRT = (1/2c,) (g?/c?) = (1/2c,)M 
or 
To —T = [(9 1) /2|M?2T 
so that 
Cp grad T, — Ty) grad S| = |c, grad Ty — 


T grad S — [(4 — 1) 2).\/°T grad S| = 
q Xo — [(y — 1)/2]MT grad S 


Therefore, we may write 


) 9 “ 
We, . ia , - COS@D 
: 0 0 sal =o tt] 0 , 


c,xe-— 
pq 1 J1 p q 
i <a | . 7 
——— MOT grad S® |dd (10) 
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APPLICATION TO COMPRESSIBLE BOUNDARY-LAYER 
FLow 


Consider a three-dimensional boundary layer with 
free flow streamlines which are almost straight over 
considerable length and show an appreciable lateral] 
Then 
in the region where the free flow streamlines are almost 


curvature in a fairly small length interval. 


straight, the boundary-layer flow may be considered 
as two-dimensional. In the region where the turning 
of the flow takes place, however, there is a certain part 
of the boundary layer where inertial forces dominat 
the viscous forces. This part of the boundary layer js 
the outer part, where the gradient and the curvatur 
of the velocity profile is small. Also, in about th 
sane “‘layer,”’ the conditions for applicability of th 
linearized theory hold. Close to the wall the 
of the linearized theory for inviscid flow have no signi 


results 


ficance because of the large viscous forces, the no-slip 
condition for the cross flow, and the magnitude of the 
velocity gradients. 

If the boundary layer is not too thick we may assuny 


that 0p Ov = Oif y is the distance to the wall. The: 
: Os c, | or 
grad S|} = = — 
Ov T | Oy 


so that the correction term in Eq. (10) can be writ 


ten 
im ee : 7» Mei O7 
M©® T®| grad S® | = Ma os 
2 2 OV 
Hence we may write 
xe = M© T® grad S = 
y¥—-—1 ey 
qw& : 2 V/ ( 


where w, is the component of the vorticity normal 
to q. 

If the Bernoulli surfaces are at a constant distance 
from each other (for instance, parallel planes or coaxial 
cylinders), then w, and O07’ /Oy are constant in the in 


viscid flow, so that the factor 


y¥-—!1 or 
Gwin + Me, 
Z OV 


can be put in front of the integral in Eq. (10). The 
angle @ between the centripetal acceleration and the 
vector g x (Cp grad Ty) — Tv grad S) is O or z, depend- 
ing on the orientation of the centripetal acceleration 
More precisely, cos ¢ = 1, if the curvature vector, g, 
and the vector normal to the wall pointing towards the 
fluid form a right-hand system, and cos ¢ = —| il 


they form a left-hand system. The sign of cos ¢ cam 
also be taken into account by giving dd a sign. Let 
dd be positive if the streamline curves away from the 
vorticity vector and negative if it curves toward the 


vorticity vector. Then, Eq. (10) may be expressed as 


where 

ot the 
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Pranc 


wall, 


hus, 


ind i: 


Ii t 
where 


Phe 
Numl 


From 





so tha 


which 


j 22 J 
di 
pe 


YER 


With 
Ver a 
itera] 
Then 
Imost 
dered 
irning 
l part 
inate 
Ver Is 
ature 
t th 
t the 
‘sults 
signi 
) slip 
f the 


Sume 


Cher 


Writ 


the 





COMPRESSIBILITY EFFECTS ON SECONDARY FLOWS 9 


y= 3 » O71) 
-2 qu, T V/ ‘ C, x 
Z Oy 
~- dd 
| a 
ee. i 


where the index | refers to the position just upstream 


of the cascade. 

For a laminar or turbulent boundary layer with 
Prandtl Number equal to unity along an insulated 
wall, the energy in the boundary layer is constant. 

O71; 07d: 


rhus, C; oy dy 


and Eq. (11) becomes 


If the mass flow density 6 = pq p*q* is introduced, 
where the star refers to the critical condition, we have 


[ dd l [ dd 
Jl pq 7 pigi' J1 (O'O)) (Qh 


rhe ratios’s g g; and 0 0, can be related to the Mach 


Number 


7, it. l M7 | 
+(y—- DIPS 
0 AM 42 —_— (¥ sees ] M7) 5 i 


] VW j 
VN, ! 


lo 


0, M,l24+ (7 - pars 
From the last equation it follows that 
= ! 


2+ (y — 1M? (2 ue 
24+(y-)Di? \eoM, 


so that the equation for g g; becomes 


gq = (MM) [(00,) (M/M,) p> * 


hus, 

we dd | 

re nt x 
J1 pq Pigi- 


i dd is 
Y1 (6 0;) (VW A,) [(0 01) (AM) Jy 41 


l fs dd 
qv 1 : 3) 
ord (0 0)? (M/M) }r*! 
If lJ; < 1, we find as an approximation 


VW oO | y+ 1 6 \? 1) 
= 1+ M;? — | 
iV ot { |(°.) \\ 


which, inserted in the integral (13) gives 


"= did l { l 2 dd 
= | _ M,? } — 
1 pq pigi? | 2 Ji (0/0,)? 


I { 
M,2(d. — 3; (14 


If A is the normal cross-section area of the passage, the 


continuity equation may be written 
OA 0O,A, 


where © denotes the average mass flow density through 
the corresponding cross section of the passage If 
furthermore, the relative variation |(0 0) 0] 1s 
small, we may replace 0 by 0 in Eq. (14) so that 


"= dé l f | * is 
: l T VW, du 
Jl pg Piqi- { 2 J 1 A 


and the expression (12) for the secondary vorticity 


becomes 


It is clear that in a diverging and curved passage, 


the form between the brackets in Eq. (15) is greater 


wat / & ; 
than } (4 dd while the reverse is true for a 
J 1 41) 


converging channel. This means that in a compressor 
cascade the compressibility effects on the secondary 
flow are more severe than in a turbine cascade 

In order to evaluate the influence of compressibility 


on the generation of secondary vorticity, we will assume 


that w,, = 0 and write Eq. (15) in the form 
A, = {A : 
Wo = —? w ( dd did: 16) 
. A» J | A, J . 
where 
f= 1+ [(y — 1)/2]M 7) 
and 
| v v 
/ | 7 M, IS) 


The factor f; is independent of the cascade geometry 
and is plotted in Fig. 1. The factor f, depends not only 
on the entrance Mach Number, but also upon the cas 
cade geometry. As an example, let us consider a cas- 
cade with a passage cross section which varies linearly 


with the turning angle, such that A», A 1.4. For 
this diverging passage, we have 
A v— vd, 
= 1 £4 
A, Bo — VD; 
Then the factor f2 becomes 
fo = 1+ (12) 1 — 0.69).1/,7 = 1 + 0.16.1;' 


The factor f2, together with the product f; f2 is plotted 
in Fig. 1. The value of f;/f2is 1.24 for 1/,; = 0.S so that 
for this entrance Mach Number the compressibility 
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correction for the secondary vorticity is 24 per cent. 


THE SECONDARY FLOW FAR DOWNSTREAM OF THE 
CASCADE 


The next question to consider concerns the effect 
of compressibility on the integration problem of the 
secondary flow—i.e., the problem of determination of 
the secondary flow associated with a given secondary 
vorticity field. Because of the mathematical compli- 
cations involved in the calculation of a three-dimen- 
sional secondary flow, the analysis is restricted to the 
flow far downstream of the cascade. There, we have a 
secondary vorticity w,, which, in the linearized theory, 
is independent of the streamwise coordinate x and varies 
in a known way with the perpendicular coordinates 
y, 2. 

If the components of the secondary flow in x, y, 2 
directions are u, v, w respectively, and u/U, v/U, 
w/U are small compared with unity, where L’ denotes 
the main downstream flow velocity, then it is clear that 
only u gives a first-order contribution to the pressure 
field, while v and w only contribute to the second-order 
pressure perturbation. The flow far downstream of 
the cascade has ‘‘settled down,”’ so that, in this region, 
the first-order pressure field is constant. Hence, the 
first-order continuity equation reduces to 


(Ov/Oy) + (Ow/dz) = O 


for positions far downstream of the cascade. Then, 
for given secondary vorticity w,, the velocity com- 
ponents v, w must fulfill the equation 


(Ow Ov) — (0v/02) = w, 


Clearly, the problem of determination of v and w is 
the same as for incompressible flow. It should be 
emphasized, however, that this is only true for the 


linearized analysis and far downstream of the cascade. 
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Fic. 1. Compressibility correction factors for secondary vor- 
ticity 
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Effects of Pressure Gradient and Heat Transfer 
on the Stability of the Compressible Laminar 
Boundary Layer 


Norman M. Shapiro 


Research Division, Ordnance 
Arsenal, Huntsville, Ala 


June 7, 1955 


Redstone 


Ais 1 arate . 
Missile Laboratorie 


L™ "S PUBLICATION! of an accurate method for calculating the 
flow characteristics of compressible laminar boundary layers 
with heat-transfer and small pressure gradients has made possible 
Lees,? of the 
thin 


the calculation, by the approximate formula of 
Reynolds Number of 


Calculations of minimum critical Reynolds 


minimum critical (neutral airfoils 
with heat transfer 
Numbers for flat plates with variable wall-to-free-stream tem 
perature ratio have been given by Van Driest,* for insulated air 
foils by Lees,* Weil,’ and Laurmann,® and Low’ has determined 
the cooling requirements for complete stability for several pressure 
gradients 

Low's solution for the laminar boundary layer is obtained by a 
method of perturbation on the flat-plate solution of Chapman and 
Rubesin.© A 
sumed and results are tabulated for a Prandtl Number of 0.72 and 


that the 


linear viscosity-temperature relationship is as 


an isothermal wall. Van Driest’s calculations indicate 


assumption of a linear viscosity-temperature relationship intro 


duces considerable error into the stability calculations for free 


stream Mach Numbers greater than 3. For this reason, the pres 


ent calculations have been limited to Mach Numbers of 3 
that the effect of 


ind 


below However, it will be seen pressure 


gradient on minimum critical Reynolds Number decreaces with 
increasing Mach Number in the regions far removed from com 


plete stability 


Lee’s formula for minimum critical Reynolds Number be 
comes, in Low's notation, 
j 25 (t*(« ( 


Rercr = 


AS) Sw © 


The quantity c is the phase velocity of the disturbance divided by 


lctn/1 — MAL — 


u, and is the quantity which simultaneously satisfies the following 


equations: 


0.580(1 + X 


0.960 X O.S7O0 2 


{= 


where A, the wave length of the disturbance, is obtained from 


u*'(O)It* n 
the "ter *« 


The starred quantities p*, /*, and u* in Eqs. (2) to (4) refer to 


local values of pressure, temperature, and velocity divided by their 
respective reference quantities. They may be determined from 
references 1 and 7 once the Mach Number, wall temperature ratio, 


and pressure gradient have been prescribed. Derivatives are 
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READE 
iken with respect to the characteristic variable, 7, which is also 
lefines reference 1. Subscripts e, 7, and w refer to conditions 

the of the boundary layer, reference conditions, and wall 
ynditio respectively. The constant, C, in the viscosity-tem 
erature relationship is defined by 


V/ tor/te (tr + 216°R.)/(te + 216°R 5 


1t*(e) = J U8) as 6 
J0 


The velocity at the edge of the boundary layer, u,, is related to 


reference velocity, u , by 
Ue /U =u” =~1+e ‘ 


hich leads to a pressure gradient parameter (x/u;)(due/dx) = 

The reference velocity! is determined by the free-stream 
Mach Number and the coordinates of the particular airfoil under 
onsideration, and ¢ is a small quantity which is a measure of the 
shape and magnitude of the velocity distribution at the outer edg« 
of the boundary layer 

Eqs. (2) and (3) have been solved for ex = —0.035, —0.0175, 

ind +0.037 for several free-stream Mach Numbers and wall 
temperature ratios. The results are presented in Fig. 1. Nega 
tive values of ex indicate unfavorable pressure gradients, and 
positive values indicate favorable pressure gradients 

The pressure gradients used in the examples are typical of those 

it might be encountered on the constant pressure gradient air 
foils of reference 1 which are shown in Fig. 2. Since ex varies with 
distance along an airfoil with a constant pressure gradient, the 
minimum critical Reynolds Number for a particular value of € 
in be applied at only one point on the airfoil 

The wall temperature ratios investigated included both heated 
ils (indicated by solid curves) and cooled walls (dashed por- 
tions of curves Also shown on Fig. 1 are the wall temperature 
ratios required for complete stability (infinite Reynolds Num 


It can be seen from Fig. 1 that effects of heating or cooling on 
minimum critical Reynolds Number are considerably stronger 
than the effects of the small but conventional pressure gradients 
onsidered here. The rapid increase in minimum critical Reynolds 
\umber with small changes in temperature as infinite Reynolds 
Numbers are approached, which indicates radical changes in the 
boundary layer near complete stability, has already been noted by 
Van Driest 

In Fig. 3 some of the present data are plotted as a function of 
Mach Number for two wall temperature ratios and for zero heat 
transfer. Laurmann has pointed out that an unfavorable pressure 
gradient produces a decrease in stability with increasing Mach 
Number for an insulated wall. The present data show the same 
trend for an insulated wall but show the opposite effect for flows 
with heat transfer. The decrease in pressure gradient effective- 
ness with increasing Mach Number can also be seen in Fig. 3 

It should be noted that the present calculations are restricted 
to the effects of two-dimensional disturbances. Dunn and Lin® 
have recently considered the effects of three-dimensional disturb- 
ances and found that these disturbances can be more destabiliz- 
ing than two-dimensional disturbances at supersonic Mach Num- 
bers. In addition, they have obtained improved viscous solu- 
tions of the stability equation which are more accurate than those 
of reference 2 for calculating minimum critical Reynolds Numbers 
at supersonic Mach Numbers These solutions, however, are 
only accurate for minimum critical Reynolds Number up to a 
Mach Number of 2 and do not significantly change the values of 
wall temperature ratios required for completely stability of two- 


dimensional disturbances 
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Graphical Aids for Frequency Response 
Analysis 


Homer D. Eckhardt* 
Aviation Systems Laboratory, Rad Orporation of 
Waltham, Mas 
sly 1, 1955 
iy PHE INVESTIGATION of the behavior of closed loop dynami 
systems by means of ‘‘frequency response’’ methods, it is often 
desirable to obtain plots of the logarithm of the amplitude ratio of 
of the frequency response of a system versus the phase angle of 
that response as a function of frequency.' For brevity, such 
plots are often referred to as ‘‘gain-phase”’ plots. Further, during 
the evolution of the design of such a dynamic system, it is often 
desired to obtain further gain-phase plots which differ from a pre 
vious gain-phase plot only by the addition, elimination, or slight 
modification of a very few simple dynamic elements in the system 
being investigated 
Gain-phase plots are commonly obtained either by plotting 
from tables of experimental data, or from tables of computed 
data, or by cross-plotting from plots of amplitude ratio and phase 


angle versus frequency. The modified gain-phase plots are ordi- 


* Formerly, Research Engineer, Flight Control Laboratory, Massachusetts 


Institute of Technology, where this paper was prepared 
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Fic. 1. Modification of a gain-phase curve to account for 
the cascading of a modifying transfer function with the original 
transfer function. 
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Fic. 2. Possible configuration of a template for use in modi 
fying a gain-phase plot to account for the cascading of a transfer 
transfer function (7°F),, with the original transfer function. 
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Fic. 4. <A form of a template for use in modifying a gain- 
phase plot to account for the cascading of an element whose 
transfer function is [1/(1 + zjw)] or (1 + jw). 
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READERS’ 


ined by performing additional computations in_ the 





ig le or by suitably modifying the plots of amplitude 
itio hase angle versus frequency and then from this new 
ita plotting a new gain-phase plot. If the need for recourse to 
se tables or curves of amplitude ratio and phase angle versus 


uency could be eliminated and a simpi gI iphical method for 


rectly iodifying the original gain phase curve could be de 


ch work and opportunity for error could be removed from 
quency response analysis 
To visualize the graphical system presently used by the author? 


this direct modification, consider a fragment of a gain-phase 


shown in Fig. | 


phase curve which ts to be modified 


1, the original gat 


s been plotted and values of frequency, , in rad. per sec. have 


n indicated at appropriate intervals along the curve 
Note now that, if the curve is to be modified by the cascading of 
new transfer function with the original transfer function, in 
neral each point on the original curve will be moved to a new 

phase shift 


sition, Which position will be determined by the 


iumplitude ratio of the modifying transfer function at the fre 





quency corresponding to the point being moved. For instance in 


g 
the case of point P at frequency w; in Fig. 1, the shift in phase has 
ven by an amount A( PA 
ile has been used, the amplitude 
1R)|, where A( PA) and A{log (AR 
ratio respectively associated with the 


and since a logarithmic amplitude ratio 
ratio shift has been Alflog 
are a phase shift and log of 
umplitude modifying 
lo see the manner in which this occurs, con 


and (7 F),, and (TF),, all 


i given value of frequency where the subscripts 0, m, and ? in 


transfer function 
sider the three transfer functions (7°F 


dicate original, modifying, and resulting, respectively 


TF), =(AR),e FPA 
T Fm = (AR)meI(PAIn 
TF), = (AR),e3(PA 
Then if (7 F),( TF = (7F it can be seen that 
1R),e3(PA)? = (AR), (AR) meIl(PA)o+ (PA 
h PA), = (PA (PA 


log (AR), = log (AR log (AR 


rhus it can be seen that the cascading of transfer functions results 
in the addition of the phase shifts and the addition logs of their 
unplitude ratios. These additions correspond to the additions of 
linear distances on a plot of the form shown in Fig. 1 
Consider then that a template is cut in the shape of the gain 
phase plot of the new modifying transfer function as shown in Fig 
2. Consider also an original curve as shown in Fig. 3 which is to 
modified by the cascading of (7 F Then, by placing the 
point marked 0 on the template on the point P as shown in Fig. 3 
iligning the template axes parallel to the axes of Fig. 8, a 
point P’ may be located on the modified curve by placing a mark 
ext to the point labeled w; on the template To relocate a second 
point, Q, the point marked 0 on the template is placed at Q, and 
the new point Q’ is located by placing a mark next to ws on the 
template Obviously, the whole modified curve may then be lo 


ted in this way by repeating the above procedure at points 
orresponding to the other frequencies of interest 

Ordinarily, a template for a particular modifying transfer func 
tion would have limited use unless that same transfer function 
vere to be used repeatedly in a problem There are, how- 
ever, several simple transfer functions which are frequently used 
nd whose frequency scales may be nondimensionalized simply 
One such function is that which is expressed in Laplace form as 
and in frequency response form as 1/(1 + zjw) where 


A template for 


1+ rf 
risareal time constant and » is a real frequency 
hase and amplitude increments of the frequency response of 
t where the 


the I 
this transfer function would appear much as in Fig 
cales on the edge of the template are of rw instead of the dimen 
sional w 


Now if a transfer function is expressed as 


FORUM 85 
TF), =(AR PA 
and if a second transfer function (7F ), is its reciproc 
TF = 1/(T}I 
then 
1R),e3(PA 1/(AR sl 
or 
IR 1/(AR), oO log (AR log (AR 
(PA = —(PA 


] 


Phen it can be seen that the phase shift and log of the amplitude 


ratio of the transfer function (1 + 7jw) at any given frequency will 
be equal to the negatives of the phase shift and log of amplitude 
ratio respectively of the transfer function |1/(1 + rjw From 
this fact it may be deduced that the template of Fig. 4 can be ro 
tated in the plane of the page by 180° for use in connection with 
the transfer function (1 + rjw Another simple template may 
be developed for the pair of transfer functions (7rjw) and (1/rjc 
It is apparent then that by the use of templates of the above 
diagram of any linear transfet1 


described form, the gain-phase 


function can be modified directly and graphically to account for 


cascading in series with the given transfer function an element 


having a transfer function in the Laplace form (1 + rp), [1/(1 
rp)|, rp, or (1/rp It may also be noted that this modified 


or resulting gain-phase curve may be further modified in the same 
manner as was the original curve in order to account for the cas 
cading of a second element having a transfer function in Laplace 
form (1 + rp), [1/01 + rp)], rp, or (1/rp Realizing then, that 
this modification procedure can be repeated as often as desired 
consider the case wherein the original transfer function is taken 
to be unity. The gain-phase plot of such a transfer function is 


merely a point. Then by successively modifying the gain-phase 


plot of this transfer function by use of the templates described 


herein gain-phase plot representing the frequency response of 


any transfer function whose Laplace form is as follows may be 


constructed 
[F)= 


where all of the 7's are real 


The poles and zeros of any transfer function of this type lie on 
the real axis when plotted in the complex p plane 

It is desirable to circumvent the restrictions imposed above by 
the requirement that poles and zeros in the transfer function must 


lie on the real axis in the complex fp plane. To develop a method 
for handling those transfer functions which have complex poles 
and zeros, note that those poles or zeros always appear in conju 
gate pairs and that in the factored form of the transfer function 
each pair is represented by a factor which may be written in the 


Lapl ice form as 


where w,, 1s positive ind real and 


In the frequency response form this factor may be expressed 
9 Ce ae 


ww —{ Ww 


This factor may be factored to give 
( ; | = | ( 7 
+ ] + 
(Ww 4 (Ww 


which may be expressed as 


cc rT; Jw)(1 T 
where Tw = (w/tw t+ (VY 1 C74 
T20 Cw =~ AVL — £7/% 


From this it is seen that the factor representing a pair of com 
plex poles or zeros can be treated in a manner quite similar to two 
real poles or zeros but that the 7's involved are not constant 

A procedure which inay be followed in modifying a gain-phase 


curve to account for the cascading with the original transfer func 
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tion of a transfer function having a pair of complex roots in the 
complex p plane is as follows. Referring to Fig. 5, the curve is 
to be modified to account for the cascading of an additional trans- 


fer function 


re 
(jw/w,)? + 2¢(jw)/w,) + 1 
As seen above, this modifying transfer function may be written as 
ee 
CCL + rigw)(l + rej 


To relocate the point P in Fig. 5, the template for 1/(1 + zjw) is 
positioned as shown in Fig. 5 with the point O on the point P and 
knowing the frequency w corresponding to point P, and the values 
of ¢ and w,, the appropriate value of 7, is quite easily computed 
and a point P’ is located next to that value of rw on the template 
scale. Then the template is repositioned as shown by dashed 
lines such that its point O is on the point P’ just plotted and 
again, knowing w, ¢, and w,, the value of 72 is computed and a 
point P” is plotted next to that value of tw on the template scale 
This point P” is then the relocated position of point P. This 
procedure may be repeated at as many points of the original 
curve as desired and the modified curve is faired through the 
double-primed points. 

Note now that the transfer function which has been cascaded is 


j K, 2 
(1 + rijw)(1 + 727) Y [(ja/wn)? + 2¢(jw/w) + 1] { Ke 


Thus, it must be remembered that when a final open loop gain, 


| 


Ko,, is chosen for the modified system on the basis of this gain- 


phase diagram, that gain is 
Ko, = Ko( Km/¢?) 


where Kg is the total gain of the system, exclusive of this modify- 
ing transfer function. 

At first glance, it appears that the computations of 7; and 
Tw are inconvenient but when it is realized that ¢ and w, are con- 
stants for a given pair of complex poles or zeros, it becomes ap- 
parent that 


riw = (w/ki) + ke 
ww = (w/ki) — ke 


where &; and 2 are easily computed constants 

It will be noted that the value of row is negative at low frequen- 
cies and will become positive at higher frequencies. To provide 
for this, the template for 1/(1 + 7jw) and (1 + zjw) should be 
extended to negative values of rw. An alternative procedure is to 
note that at any given frequency, the phase angle associated with 
(1 — rjw) is the negative of the phase angle associated with (1 + 
tjw) and that their amplitude ratios are the same. Then if a 
suitable transparent template has been made for (1 + 7jw), this 
template need only be rotated 180° about a line of constant phase 
and used in this reversed position for the negative value of rw. 
The same effect may be obtained by using the template in its 
usual attitude but on the back side of the plotting paper when 


negative 7w's are encountered. 
CONCLUSIONS 


The author has found that a single template of the form shown 
in Fig. 6 can be used to construct graphically a gain-phase plot 
for a system resulting from the cascading of any linear transfer 
function whose factors are known, with a transfer function whose 
gain-phase plot has already been made, and to perform this 
graphical construction quickly and easily directly on the original 
gain-phase plot. 

Obviously, the construction of any gain-phase plot, the trans- 
fer function for which is known in factored form, becomes merely 


a special case of the above procedure. 
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On the Role of Reynolds Stresses in Stability 
Theory* 


!. T. Stuart 
National Physical Laboratory, Department of Scientit end 
Industrial Research, Aerodynamics Division, Teddington, England 


June 20, 1955 


a Pat! advanced an argument which, on the assuny 
tions implied, shows that two-dimensional parallel flows ar 


stable against periodic disturbances of finite magnitude 





conclusion contradicts the work of Meksyn and Stuart,” who ha 
shown theoretically that pressure flow between parallel planes i 
unstable for both finite and infinitesimal disturbances. Sin 
the difference between the conclusions of these two papers is 
fundamental one involving the interpretation of the role of 
Reynolds stresses in finite-disturbance theory, it is important to 
show exactly how the discrepancy arises. An additional reaso 
for emphasizing it is that other authors** have argued in favor of 
universal stability in a similar way. On grounds of the simplicity 
of its mathematics, attention is mainly focussed on Pai’s paper 
for then the physical ideas are more easily discussed 

Consider a two-dimensional flow between parallel planes, 
being the distance parallel to the planes and y the distance nor 
mal to them, w and v being the corresponding velocity cor 
ponents. Let p denote pressure, p density, v kinematic viscosity 
ind ¢ time. Then the Navier-Stokes equations are 


Ou Ou Ou 1 Op (~ =) 
L 4 1s ae Bais | 
ot Ox oy p Ox Ox? oy? 
ov Ov Oz 1 Op (= 07; ) ; 
ru rv? = Tr? t 2 
Ot Ox Ov p oy Ox? oy 
Ou/Ox) + (Ov/Oy) = O 
The mean motion in this case is u = @ (y), v = O; that ts, the 
flow is independent of distance downstream. Consider a finite 
disturbance uw’, v’ of the mean flow: thus vu = @ + w’, 3 
where 
(= uo = u(y, t) + uy,'e'** uo'(y, t)e7# 
7 y a iin'(y, Lye 21ax 
_— ‘= eiax 4 v. t)en~to* 
ad v. te tax J v "( y. tye 21ax 5 


(the symbol denotes a complex conjugate 

This is a harmonic disturbance of wave length 27/a, and is the 
type of perturbed flow examined by Meksyn and Stuart. Now in 
laminar flow and in laminar flow perturbed by an _ infinitesi 
mally smal] disturbance, the mean motion is controlled by vis 


cous stresses and pressure gradients, and its equation is 
O = —(1/p (Op/Ox + v( O70 Oy?) 6 


Now when the flow is perturbed by a finite disturbance, momen 


tum is transferred by the finite fluctuations and a system of 
With these 


stresses accounted for, the equations of mean motion are 


stresses, known as the Reynolds stresses, results 


Ou , Ou’ , Ou’ l Op On - 
+ u + 7 =— tv ‘ 
ol Ox oy p Ox oy? 
7 Ov’ 1 Op 
u’ + ov’ =-— f S 
Ox oy p oy 


where a bar above a quantity denotes an average with the dis- 


* This work has been carried out as part of the research program of the 
National Physical Laboratory, and this paper is published by permission of 


the Director of the Laboratory 
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READE 


rhe argument of reference | is based on Eq. (6) even 
inite disturbances and therefore assumes implicitly that only 


resses and pressure gradient affect the mean motion, 


ich is not correct. The effect of this on the disturbance Eqs 
ind (11) is noted later 
In the case of neutral traveling waves the average with dis 
» js equivalent to an average in time, but with damped or 
iplified oscillations an exponential dependence on time re 
iins. Since the quantities u,v’? ire independent of x, the 
ynolds stresses in Eqs. (7) and (8) may be written (0/0y)(u’0’ 
1 (0/Oy 2) respectively, when use is made of the equation of 
mtinuity. The dependence of # on ¢ is retained because if the 


isturbance is amplifying or decaying, the mean motion also suf- 


rs modifications in order to maintain the energy balance; this 


jint is referred to again later 


$y subtraction of Eq. (7) from Eq. (1) and Eq. (8) from Eq 


2) the equations for the perturbation motion are found without 


ipproximation to be 


Jl du 1 Op ( O-l Ort 
$+ 7’ +x, = — + py 4 ) +t 
» Ox Oy p OX Ov? oy? 
) Ov’ . 1 Op 7 oO 
+ Xx = — y + ) ‘) 
Jt Ox p OV Ox? a) 
(Ou’/Ox) + (Ov /Oy) = 0 1] 
, Ou , Ou , Ou Ou 
Xi = u 4 = = 12 
dn Oy On oy 
me ®) Oi Oi 
X» = u rt — 2 —t 15 
OX OV Ox oy 


The disturbance equations of reference | differ from these because 
they do not include the averaged quadratic qualities of X; and 
X It is important to note that X; and X», are harmonic in x of 
all the other terms in the disturbance 


juations, whereas the disturbance equations of reference 1 


vave length 27/a, as are 


rougly include (nonharmonic) terms which should be in the 

-an-motion equations 

volume 
Then 


balance of energy within this volume yields in the usual way 


Now let us consider the energy contained within a 


ounded by the planes y = +h, and by x = O and 27/a 


. . 
, Ou 
dx dy = —- pul i @x ¢y=— 


am iy ev Ou’ \? 
Me | | ( — ) dx dy { ] } 
J <4 Ox Ov 


denotes the energy of the disturbance contained in the 


l I 
nere 


ume 
rms, X; and Xo, of the disturbance equations integrate out. In 


Pai obtains this relation correctly, because the quadratic 


‘first integral on the right-hand side, u’v’ may be replaced by 


because only the mean terms contribute to the integral 
[he left-hand side of the above energy relation gives the rate of 
rease of the disturbance energy within the volume. On the 
right-hand side, the first integral gives the rate of transfer of energy 
rom the mean flow to the disturbance, while the second integral, 
vhich is necessarily always positive, represents the viscous dissi 
pation of energy. If the first integral is negative, energy is trans 
ferred to the disturbance and if it is greater than the dissipation, 
stability results. Now by multiplying Eq. (9) by @, integrating 
throughout the domain and using the incomplete version of X 


vithout the averaged terms), Pai obtains 


. ad . 
“ Ou re) . ’ 
| os 7 dx dy = p / “uu adx dy — 
Oy . ol. 


‘ 
. . ° 
Or 
dxdy 
y2 : 


Mu nu’ (15 


J « 
He then points out that, since «’ is a harmonic function of x, the 


tegrals (linear in u’) on the right-hand side are zero. Thus, he 


R §’ 


FORUM Si 


Oy dx dy 


concludes that the energy-supply integral ff pu v ‘(On 
is zero However, if we use the complete expression for X; and 
follow a similar procedure we obtain 

. 


. _ . 
’ Ou : Oru 

= puxX dx dy =p ul dx ay - 2 ul dx dy 
ol dy? 


Since X; is a harmonic function of x, as is u’, this relation is 


merely the identity 0 0, and no information is obtained about 


the energy-supply integral. Consequently, in general, 


7 ay : 
pu dx dy = 0 iv 
Oy 


« Y 


From his deduction that this integral 7s zero, Pai concludes that 
the flow is stable because the rate of increase of disturbance energy 
Eq. (14 


sipation 


is then negative ind is accounted for by the viscous dis 
The analysis given above shows this conclusion to be 
fallacious. Particular values of the energy-supply integral abov« 
have been calculated by Meksyn and Stuart? for 


finitesimal disturbances, and that the energy-supply is nonzero i 


finite and in 
confirmed both by their work and by that of others 
As a matter of interest, the mean-motion energy equation may 


be evaluated as 


OE re) 


l Ou 
= p u? dx dy T pu dx dy 
ol Sse Z - OV . 
Op ou \? : 
u“ dx dy - 2 ) dx dy, 1S 
we « Ox J « Oy 


where /, is the energy contained within the mean flow 

The left-hand side represents the rate of increase of the mea 
flow energy. On the right-hand side, the first term gives th: 
energy transfer to the disturbance (and is the complement of thx 
energy-supply integral in the disturbance energy equation), th: 
second term gives the work done by the pressure gradient to main 
tain the motion, and the third integral gives the viscous dissipa 
Ot and 


tion of the mean flow. For a neutral oscillation, both 0E 


OF, /Ot are zero and the work done by the pressure gradient bal 
ances the dissipation of kinetic energy by the mean flow and by 
the disturbance; thus 
. 27 : 
Op Ou Oi Ou , 
- it dx dy M dx d y 
J « OX J e« O% OX OV 


19 
for a mean flow and neutral finite disturbance. The statement in 
reference 1 that two-dimensional flows are stable is thus seen to 
arise from an incomplete analysis of the mutual interdependence 
of the mean and harmonic terms in the nonlinear system of equa 
tions. To put it in a more descriptive physical way, neither the 
deformation of the mean flow by the Reynolds stress of the dis 
turbance, nor the effect of the modification of the mean flow on 
the disturbance flow are taken into account 
In a paper dealing with the stability of flow in a circular pipe, 
His argu 
ment that the flow in a pipe is always stable against finite or in 
the 


Thomas? makes the same implicit assumption as Pai 
finitesimal disturbances is similarly invalidated. In this case 
question of stability or instability for infinitesimal disturbances is 
still open, although the work of Pretsch and Sex] suggests sta 
bility. The case of a finite disturbance has not been treated 
theoretically. 

Another approach to the problem has been used by Theodor 
sen‘ who bases his treatment of the stability of two-dimensional 
flows against two-dimensional! disturbances on the rate of change 
of the integral of the square of the vorticity. The vorticity w in a 


two-dimensional flow is given by 
(Ow/Ot) + u(dw/Ox) + v(0w/OV) = rV*%w 20 

or alternatively by 
(Ow/dt) + g:-Vw = 


where g is the velocity (x, v 
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It is assumed in reference 3 that the mean motion of the Orr 


Sommerfeld flow is given by 
v2o = 0 22) 


where the bar denotes average with distance x; thus the mean 


value of the quadratic disturbance terms is neglected. The terms 
omitted represent the vorticity transfer between mean motion 
and disturbance motion by a process of convective stretching of 
vorticity, and if they are accounted for, the mean vorticity equa- 
tion reads 

(0@/Ot) + g’:Vw' = rV*S (23) 
where the dependence of @ on ¢ is retained to show any decay of 
the vorticity of the mean flow. As before, a prime denotes the 
perturbation. By consideration of the intcgral of the square of 
the total vorticity for the volume considered earlier, we obtain 


7 


ra) l 
W = | 5 w'dx dy = 


. 
v { (w'V2w’ + &V 2a \dxdy (24) 
Ol. Je 


the quadratic terms of integrating out for a periodic disturbance. 
Theodorsen sets V2a = 0 as mentioned earlier, and obtains 


W =o ff w'V%w'dx dy (25) 
Apart from omitting the term @V*o i: the vorticity integral (24), 
that (25) represents dissipation of 
vorticity and therefore concludes that 
Sommerfeld flows are stable for two-dimensional disturbances of 


Eq 


Theodorsen also states 


two-dimensional Orr- 


finite or infinitesimal amplitude. However, Eq. (25) does not 


represent only decay of vorticity, for, with the periodic dis 


turbance mentioned earlier, Eqs. (4) and (5), Eq. (25) may be 
written 
'—_— “To fou’\? 
w'V*w'dxdy = dx — 
Je J x Loy \ oy y h 
Ow’ \? Ow’ \? 
+t dxdy (26) 
Je Ox Oy 


The first integral is assumed to be positive on physical grounds, 
since it represents the generation of vorticity at the walls; the 
second integral gives the decay of vorticity within the volume due 
to viscous action. It appears that the integral giving the vorticity 
generation was not accounted for in the conclusion given in ref- 
erence 3. 

Pq. (24) may be rewritten in mean and disturbance parts 
(W=W-4 (4) 
in the form 


Ww ~ f [lea 1 i “Vw dx d 
= @* dx dy = — @q:Vw' dx dy 
or , ; 2 cf a) ; ; q ¢ cf 
“To foa\? "(T (oa\? da 
v | ( ) dx -— vp | ( ) + ( 
J x LOY \oy y=h J . Ox oy 


| ag':Vu’ dx dy 


W’) for the periodic disturbance Eqs and (5) 


) ld vdy 


(27 


Ry) r’ 
w’*dx dy = 
a a . 


F Oo fou’\? w ¢ Ow’ \? Ow’ \? 
v / [ ( ) dx — » | | ( ) + ( ) dx 
Jx LOY \oy h Ox oy 
(28) 


On the right-hand sides of Eqs. (27) and (28), the first integral 
represents the convective vorticity transfer between mean and 
disturbance flows, the second integral the generation of vor- 
ticity at the boundary, and the third integral the dissipation of 
vorticity within the volume. On addition of Eqs. (27) and (28) 
(26) and its mean-vorticity analog, Eq. (24) is 
Eqs. (27) and (28) illustrate the physical proc- 


and use of Eq 
again obtained 
esses contributing to the growth or decay of a disturbance in a 
fluid, and a conclusion of stability or instability does not appear 
possible without proper solution of the equations of motion. In 
this connection, the work of Meksyn and Stuart? is relevant; and 
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their conclusion is that pressure flow between parallel planes 


unstable for finite disturbances 
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Generalized Crippling Analysis of Formed 
Sections 


George Gerard 

Assistant Director, Research Division, College of Engineering 
New York University 

July 1,1955 


INTRODUCTION 


r I SHE PURPOSE of this note is to report briefly on a new metho 
This method has 
Cor 


of crippling analysis of formed sections 
resulted from work sponsored by the National Advisory 
mittee for Aeronautics and is presented in detail in a report sub- 
mitted tothe NACA 
Most crippling methods in current use involve subdivision of 
the cross section of the formed section into a series of plates 


or angle sections.2. The crippling stress of the section is obtaine 
as a weighted average of the crippling stresses of the subdivide 
elements 

The method described herein is empirical in nature, as are the 
other methods, but does not require the subdivision of the cross 


section into elements. The geometric parameters required for 


the analysis are the developed length-thickness ratio, A /f?, an 
the number of corners of the cross section. In a sense, the 
method is a generalization of the work of Schuette,* Gallaher, 
and Needham? on formed Z and channel sections 
SYMBOLS 
A = cross-sectional area, in.” 
b = web width, in 
( = number of corners 
E = elastic modulus, lbs. per sq. in 
f = cladding thickness as a fraction of total plate thickness 
t = thickness, in 
om ? : ; of ] 3(o¢)/ 0c, )f 
n = cladding reduction factor; 7 = * 
+ 3 
o-. = cladding yield stress, ksi 
o., = buckling stress, ksi 
o-, = compressive yield stress, ksi 
$y = compressive yield stress of formed corner, ksi 
@ = crippling stress, ksi 


EQUAL FLANGE Z AND CHANNEL ELEMENTS 


In order to demonstrate the method of analysis, a large mass 
of test data* + on equal flange Z and channel formed sections 1s 


shown in Fig. 1. The following relations gave a good fit to th 


test data: 
(a) For ¢;/o-.y Z 2(t/b,, ‘ 
3;/Ocy = B\(t2/A) (HE/o 
(b) For @/¢ > 2(t/b,, 
a =¢0 9 
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lic. 6. Generalized crippling analysis of multicorner formed 


sections 


The value of the generalized crippling coefficient, 8, depends 
upon the increased yield properties, @-y, in the corners of formed 
The variation of 8 as a function of &,.,/o., for equal 
» 


sections 


flange Z and channel sections is shown in Fig 


Two-CORNER ELEMENTS 


Available test data on two-corner elements shown in Fig. 3 
The test 
data are shown in Fig. that 
Eq. (1) for equal flange Z and channel sections is in good agree 


were correlated according to the parameters of Eq. (1). 
t from which it can be observed 


ment with other two-corner elements 


MULTICORNER ELEMENTS 


Elements with three or more corners generally tend to behave 
in a manner similar to that of a thin-walled tube. The multi 
corner elements shown in Fig. 5 were correlated according to 
(HE/ acy daa (3 


Gr/ocy = Bl(cl?/A 
with the results shown in Fig. 6. It can be observed that good 
agreement exists. 

With the limited test data available, it was not possible to 
establish a variation of 8 with @.,/o-y for multicorner sections. 
Also, it was not possible to establish a suitable cutoff for Eq 
(3). However, beyond a/o., = 3/4, Eq. (2) is probably of 


y 


sufficient accuracy for most cases. 


CONCLUDING REMARKS 


The publication of these results is intended to stimulate further 
checks of the generalized analysis with the extensive test data 
available in the test reports of the aircraft industry. It is hoped 
that such data can be made available to the author for inclusion 
in later reports. Aside from the simplicity of the method, further 
verification can result in a substantial reduction of crippling tests 
both at room and elevated temperatures. It is to be noted that 


this method of analysis applies equally well to extruded sec 


tions by using appropriate value of 8 in Eqs. (1) and (3 
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The Transonic Flow Hydraulic Analogy 


R. A. A. Bryant 
Lecturer in Mechanical Engineering 

The New South Wales University of Technology, Sydney, Austra 
July 6, 1955 


Bans PURPOSE OF THIS NOTE is to comment briefly on a ri 
article by Fleddermann and Stancil. As stated by 
authors, there is a continued interest in the hydraulic analogy 
and work is currently being carried out in several countri« 
mathe 


It is that a 


analogy exists for unsteady rotational gas flow without 


a simple matter to demonstrate 


as soon as shock phenomena are included in the analogy, 
ever, it is necessary to pay particular attention to the conditi 
under which a physical analogy can be obtained from this 
been impli 


fact, as has already 


matical analog. In 
Laitone,? it is not possible to construct an exact physical analog 
to satisfy the mathematical analog at all Mach Numbers 

recently been made here to 


A mathematical study has 


evaluate the validity of the analogy and bring to light 
factors needing particular attention when carrying out physi 
research with the table Besides 
tioned by Laitone, we found that shock phenomena have 
It is well know: 


water the conditions 


important effect on the downstream flow 
in passing through a curved shock an originally irrotational g 
flow becomes rotational downstream of the shock; no exact qua 
between the \ 


titative relationship could be demonstrated 


ticity distributions in the two cases. In fact, it is doubtf 
whether much more than an overall qualitative corresponde: 


can exist since curl V in the physical water flow will have 


components not normal to the plane of the water su face where 


in the gas flow curl V will, by assumption, always be norn 


the flow plane 


From the work carried out here, it appears that the use of t! 


water table for studying transonic phenomena, must be bas 
Consequently on 


on an a priori assumption of validity 


continually faced with the problem of verifying experin 
‘3 


results by correlating them with either gas dynamics or analy 


data; this situation has to be overcome before the water 

can be accepted as a satisfactory research tool, and, as a result 
current work on the analogy should be aimed at explaining ex 
perimental discrepancies. Fleddermann and Stancil,! while 


deavoring to make a plausible explanation of some experiment 


results, have apparently failed to realize that the water 


downstream of the bow wave J/ust be physically different fron 


the corresponding gas flow, as has already been mentioned 
Furthermore, in making their comparison with Guderley’s 

theory they have tacitly assumed that their method of transfer 

This is not 


ring water table results is satisfactory the case 


does not take into account the discontinuit 





since their Eq. (1) 


conditions existing across the bow wave and is not accurate 
due to the general adoption of the square of the water de 
ratio for the pressure ratio in the hydraulic gas The equations 


given by Harleman and Ippen (page 6 of reference 3) are also in 
error in this respect and require modification to take into account 
state changes across the bow wave. Unless such modifications 
ire made it is fruitless to proceed further with the explanation 
of experimental discrepancies 

It should be noted that, in transferring the pressure coeflicients 
from the hydraulic gas to air as outlined by Crossley and Harle- 
man,‘ a stretching factor must be introduced when considering 
points in the flow outside the boundaries. Such stretching 1s 
also applicable to the shock geometry so that a complete trans- 
formation of the whole flow field is brought about in changin 
from y = 2 to y = 1.4. Also, the pressure coefficients in the 
stagnation zone cannot be transferred as the method does 


then apply 
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The Forces on the General Slender Body of 
Elliptic Cross Section in Supersonic Flow 


INTRODUCTI 


PECIAL CASES of the slender body of elliptic cross section 
S been dealt with by Ward,! Fraenkel,? and Kahane and 
Solarsk1 Ward considered i smooth pointed body, whose sur 
face near the base was that of an elliptic cylinder, and did not 
consider the thickness problem in detail. Fraenkel considered 

body with elliptic sections of constant eccentricity, having 
their major axes parallel, but allowed a finite number of dis 

uities in longitudinal profile slope spaced well apart, whil 
Kahane and Solarski investigated a smooth, pointed symmetrical 
body whose elliptic sections could have a variation of eccentricity 
ilong the ixis, and whose incidence was zero 

In the present note, the results of reference 4 are applied to the 
ise of a slender body with a finite number of well-spaced dis 
continuities, and having elliptic sections which may have varying 

eutricities, and may be displaced and rotated in any manner 

The work of reference 4+ reduced the problem of finding the 
forces on any slender body with a finite number of discontinuities 

longitudinal profile slope, to one of finding a two-dimensional 
irmonic potential ¢, = Re(w) in planes just before and just 
fter each discontinuity. Let Ox, Oy, Os be a right-handed sys 


of axes with Os lying in the direction of the undisturbed 


strean ind with O at the center of area of the nose section of 
the body. Let »v denote the normal to a section of the body in a 
lan = constant, 7 the circumferential variable, dy/ds the 


streamwise slope, S(s) the body cross-sectional area at the st ition 
plane, and ¢ the body thickness parameter. Then @ 


ust satisfy the boundary conditions 


Od), {Or dy d l 
— ‘ 
lim (o = og ? ) = 2 


THE HARMONIC POTENTIAL @ 
Consider a cross section of the body at some station SEE 
ig Let the x;- and y-axes be the principal axes of the 


ross section, so that 


t the surface of the body be defined by 


Che author would like to express his sincere thanks to L. E. Fraenkel 


ised this work, for his assistance 


FORUM 





- 
F Vis 
THS) 
y gs” 
N yg 
»* ade 
» 
: va 
s Xo) 
Fic. 1 
1 = 4 cos uw + O 
y B sin OU 
1.e., by 
= — t+ e'¥(41 cos u + 7B sin u O 
Now for a body defined parametrically in the form 
xr = XN = vil ot 
it is readily shown, by considering the direction ratios, that 
increases counterclockwise, 
di \ 
] 
d 
Hence, in the present case, 
dy 
] r ¥ (A co 
ds 
sl + ¥(41’ cos u — 1B’ sin u ¥(— 4 sir 
3 cos 1? sin B? cos 
S 
™ + Cecosu + D sin 
I cos 2 ! sin 2 1 co 
where 
S = (4B 1’B d/d riAB 
( — cos (yy - n Sin (yw - 
D = —A/—g’ sin (y¥ Y ngcos\ly — 
I = (1/2)(A’B 1/ 2)B%(d/d ven 
] = (1/2)y~"(A B 
If we now make the transformation 
! a D-(o / 
4¢ 
— \ 
where ¢ = Ae", then on the body 
! B 
N =X, = w= Ul 
9 
d I ‘ 
= 1? sin? 4 [9- COS* ps 
dg re 
and the boundary condition on the body becomes 
Od; dy dz 
On ds dt 
Les : : , 
= + Ccosun + Dsin w + 7] cos 2p J sin 2u 
A» (2x j 


Hence the solution is 
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9 S’ (C+ 1D l (J + iJ) 
o Re « log ¢ — x _ Ap? 
\2r c 2 c { 
S! Ne ; 
= log X — : (C cos pu D sin p) — (9) 
dp” 


(J cos 2u J sin Qu 


THE DRAG FORCE 


rhe expression for the drag found in reference 4 is 


D | * v + 
(1/2)pl? 2e J. 
o 41 2 ‘ dv 
) (AS,’ 2 log + (od; (4 ") a 

2 p : : ds ‘ 


T ( 


i=0 (<7 
(‘") ) 

(Ads, dr r OF (10) 
dsfrnn4 f 


denotes the finite part of the double Stieltjes integral; / is 


ets l 
| log dS"(s)\dS'(a) 4 
ee 0 ia 


where 


the total length of the body; p= \ (lM? - > p and U are the 


free-stream density and velocity respectively, and s e,; is the 
position of a discontinuity, where e) = Oand e,, = /. Also, C 
represents the body contour at s = e; (the body radius being 
continuous in our case), and 
Af = (f : j (} 5 
Since the same “¢"’ transformation applies for (@,); = », + and 

(@, : , and since 

dp , Od; Od, dt as; Fs Od; ; 

67 = 6r = Aon = ApOu, 
ds Ov OA dz, dé Od 


dy dv 
(di )s Ci A — (Ad, d T 
ds as J ¢me,4 
oF { Ody Od» 
= (dildo =e; ( A — (Ag, d,du 
OX ON Jo =ei+JrA=™ 


(AS;')? 2 ) i 
log + ax] (AC;)? + (AD 
=e log ALB 


(Al;)? + -(AJ;)? (11 


in 


The drag is immediately obtained on substituting Eq 
Eq. (10) 
THe COMPLEX LATERAL FORCE 
As the profile radius is continuous here, the expression for the 
complex lateral force F(s) = X(s) + 7)(s) up toa station s, fat 
downstream of a discontinuity is, by reference 4, 


F(s)/(1/2)pU?] = 42a,(s) + 2(d/ds) [zg(s).S(s tO(L*) (12) 
where a, is the coefficient of 1 in the series form of w, |¢, = 
Re(w)|, and zg is the complex coordinate of the center of area of 
the section. 

In the present instance, 

Sg = - ge! (13 
By using Eqs. (3) and (7), we obtain 
t=e%s 4 ge”) + O(1/s) 

and so substitution in Eq. (9) gives 

js! Ss’ 
od, = Re 12 log s + ge’? — rre’¥ (C + iD) 

oe on 

O(1/s?) 

hence 
F(s)/(1/2)pU?] = 42 (S’/2r)ge™ — 

re¥(C + iD)] — 2S’gei™ — 25(g’ + ign’)e™ + Olt) 


If we put 
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n =a ri 
where a, is the “equivalent tncidence t station we obt 
—4rr,e¥ (C + iD = 2Qe'¥ aeS fe’ ¥ 

(B/A COS(yn + 6 —y + (4, 8B) sin = 4 vy 
and hence 
[F(s)/(1/2)pU2] = 2a,Se™ [(B/A) cos (7 6-—y¥ 

1/B) sin (y om y O 

The corresponding force coefficients are best found in the Ire 
tions of the principal axes of the section at station I} 
Cy (s) = Xi(s)/(1/2)pl2S(s), ete 
Cy (Ss Pa,.(B/A) cos (n +6 —- ¥ Ot 

Cy 2a,(A/B) sin 6-—y Ot f 


If we put = /in Iq 15) we obtain the total complex for 


on the body, and similarly s in Eq. (16) gives the total for 


coeflicients in the directions of the base axes 


THE COMPLEX MoOMEN1 


In reference 4 the following is obtained 


. = 
V Ve + iM, = i IF Fis) d | a : 
v7) ' 
where moments are positive in the sense of a right-handed « 
ordinate system. Here we have 
\/ ; 
SL eo* Cy C} 
(1/2)pl 
- 
C4} a @) x 


THE PRESSURE COEFFICIEN1 


The general expression for the pressure coefficient on the body 
is too complicated to be useful. In any particular case ¢ 


be calculated, far downstream of a discontinuity, using 





: ( Od; Od), OA Od), Op ) 
Cp ~ -2 \ i - 
Oa OA OS Ou OS/x=)» 
(* y l (2 ) dé af 
Or Ai* Ou / dz A=N ~ 
where 
| 3 F ia 
b,'(s) = =< S"(s log — log — g)dS (a) - 
sans J a=0 
4 l 
. AS for r § C4 19 
p ae ’ 
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The Lift of a Blowing Wing in a Parallel Stream 


D. A. Spence } 
Royal Aircraft Establishment, Farnborough, England 
July 18, 1955 


H. B. HeELMBOLD! has derived downwash equations which 
relate the vorticity distribution on a thin airfoil with a 


he 


Now th 


Thus fe 
*T an 
tories, \ 














READ I 
U Yin a 
U K20 x= / 
bt = 
. . — I~ | 
ie 
¥ . 
— & . 
—c, &} 
2 7 d,* 
FIG Linearized representation of thin airfoil with deflected 
et the undisturbed stream velocity, V(x is the deflection 
vnwards) of the jet below the chord line The airfoil 
Ire tends from x Otox = ] 
narrow high-velocity jet issuing from its trailing edge to the slope 
; d curvature of the jet We outline here the solution of thesc 
f 5 ; 
, guations, for the lift induced on a thin uncambered wing at zero 
for cidence when a thin jet, of momentum flux .1/, issues at a small 
rce | lownward angle 7 from its trailing edge. This is slightly different 
rom Helmbold’s case of a wing at some incidence a, with a jet 
erging tangentially at the trailing edge, but is governed by the 
me equations. In fact, the general case (incidence a, deflection 
T y be solved by the present method 
. DOWNWASH EQUATIONS 
Defining a jet momentum coefficient Cy = 17/(1/2)pl%, the 
ortex strength ve clockwise) per unit length may be written 
v) on the air-foil, and may be shown to be —( l'/2)Cj(d?y/da 


l fi y(é jd cy [ y” &\dé 
1s 2r o —E— xX tr J] =— x 


on the jet 


The downwash at a point x is therefore 


E)d. 


« 





For x on the air-foil, the downwash is zero. For x > 1, it is 


Thus we form the equations 


' . , , 
body l ' »(&)dé i &@&z 2 y"(E)dét 
sand 7 = () (0 \ ] 
ts oe = = x 2 I 5 Ss 





—2(dy/dx) (1<x 2 


REDUCTION TO SINGLE EQUATION 





The appropriate solution of Eq. (1) is 
Cy 1 fi=—- 4 d : 
2 T x gi &~.s 1 — 
J 
/ 
| : dy } 
os i ia 
ot l—4a2 r y” n 
dn x 
28 X J | =z 


ale : ) aad 


Now the following 


¥y - UI] 
dy (Y 
] n \ 
> 


hus for 1, the left-hand side of Eq. (2) is* 


*I am indebted to Alan Billington of the Aeronautical Research Labora 


tories, Melbourne, Australia, for introducing me to this method of reduction 


FORUM Q33 
23 bee Bal Boe 
( [ y"(E\d 
ts 3 [ ( n \ F | 
: ( 
Ji J0 
, 4 1 ( [ y"(E)d 
r 2 J, 3 
Cy 1f/x—-!1 ; 
) ) ising Eq s 
2f \ J r l 
2u'(x), by Eq. (2 10 
SOLUTION IN FOURIER SI s 
rhe governing equation, for the slope of et thu 
te a r— | : \ 
Bi & : 
tf 7 X J 1 a4 
rhis may be solved by recognizing the logarithmic singularity in 
y” at the trailing edge (cf. the spanwise loading o ving with 
part-span flap 
In order to construct a solution we y pu 
y (x = (4/( tan 7 l F(a 12 
where 
F(a 2/x og (4 » log l 
1-3 
F’'(x \ log 14 
For this function, 
1 f/x -1 P } 
5 
TT x l 


This is now an equation for G(a ro solve it, introduce a trig 
onometrical variable @ by means of 
\ 1 /cos*(@/2 17) 
and seek a solution for which 
d 6 —~ 
G(@) = sin S 1,, cos né 1S) 
do 2 —- 


With G(@ 


becomes a standard form, and the equation is found to be 





so defined, the Cauchy integral on the left of Eq. (16 


“ 4 “ nal 6 
— Ay sin - cos? - — cos S* A, sin 76 + cos 
in 5 co Pee co = — In ) : 
eS } a 2 
= F(@ t cos > ! os né 
Cy Cy 2,°. 9 4n? — 1 


> 


From this may be derived a series of linear equations for a finite 


, +n?* 


set of the coefficients A», 4A;, A , either (1) by satisfying the 


equation at pivotal points @ = (mnr/N),m = 0, 1,2, V, or (2) 
by operating on the equation with 
ee 4 
cos cos médé, for m = (0, 1, 2, 
») 
J0 - 


i.e., by expressing each side as a Fourier cosine series and equating 
the 


30° in 


obtained by 


iced at 


coefficients. Satisfactory results have been 


former method, using six equations 


points sp 
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tervals. The coefficients converged rapidly. For Cy; = 0.4, it 
was found that Ap = —0.189, A; = 0.942, 42 = —0.248, A; = 


0.206, Ag = —0.124, and As = 0.065 


Lirt AND CHORDWISE LOADING 


The total circulation is 


By a series of manipulations similar to those of Eqs. (3) to (10), it 


is found that 


= —2rU Ao tan 7s 22 


rhis is the total lift, and includes that developed on the jet 


Cy sin r--which produces an equal lift on the internal ducting 
Thus the lift involves Ag only. This would be expected from the 


form of y/(x When the -1,, satisfy Eq. (19), then 
: i] . 6 7] A 
v(x = —tun 7 [ cos’ — .19 sin — cos? — cos’ 
z » » » » 
> 1, sin nt) (23 
Since (1/x) = cos? (6/2), the leading term for large x Is (.19 tan 


7 x), corresponding to the above circulation 
Thus 
Cy = —4mr Ay tan + 24 
The chordwise vortex distribution may be shown to satisfy 
+(x 1 log (1 — x (*—*) 
2 tan r ; T < rs is \ ) 


a 1, cos ndde 


l -— COS ¢ 
> 
for 0 \ 1. Putting x = cos? (@ 2) on the wing, this is 
\ ] l 

: =— log(1 t)=— 
2tanr wx 1 

j Ag - ol 1 — sin (@/2 1) 

{1 + sin(¢/2 yo 1 ll + sin(¢/2)]?L1 + sin (6/2 f 


THRUST AND SUCTION AT LEADING AND TRAILING EDGES 


Coefficients for the suction forces developed at the ends may be 


defined. At the leading edge a thrust of the amount given by 

Cs, (say) = (rwK?/2) tan? + (27 
is devel. ped, where A tan 7 is the coefficient of the term (1/x 
in the expression for y(x), i-e., 


K = (2/mr) — [Ao + (41/2 (28 


rhe total thrust on the wing is Cy; of this Cy cos + develops on 


the internal surface, Cs, at the leading edge, and the balance of 


the horizontal forces is brought about by a suction drag, given by 
Csr (say) — (rK? — Cy)(1r?/2 


which develops at the trailing edge. The logarithmic singu- 
larity at the trailing edge is insufficient to produce a finite suction 
force, and it follows, as had been implicitly assumed in speci 
fying the problem, that Csz = 0. Hence, rK? = Cy, which 
may be verified for the results quoted above 
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Transient Stresses 
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5 en CLASSICAL METHOD! for the determination of dynamij 
stresses under a given transient disturbance is based up 
the equations of motion which use the displacements of the nor 
mal modes as the so-called normal generalized coordinat: 


. ae ig 

VW-&, + Mow,t, = a G 
where 

r l » m a= rigid body nod 

r=m-+i1, n = deformation modes 

P(x = the mode shape of the rth mode 

ae 3 . 

a = the generalized force corresponding 


the prescribed disturbing force 


= the generalized force corresponding 


It] 


the motion dependent forces 


The displacement at x is given by 


w(x) = S* (x) &(¢ 4 
r=1 
where &,(¢) is the normal coordinate 
In a problem of this kind, the number of normal coordinates 
which are used to describe the system must be kept to some sma 
number in order to make the solution of the normal equations of 
motion tractable 
There is still considerable labor involved in obtaining. the 
transient stresses even after the major task of solving the equa 
tions of motion have been completed. Three methods are pres 
ently available for the determination of the transient stresses for 
These shall b 
referred to as the force summation, mode displacement and 
The force summatio 


systems which include motion-dependent forces 


mode acceleration methods, respectively 
method is the most laborious to use but also contains the most 
accurate representation of all the forces, as will be demonstrated 
he mode displacement method is the easiest to use but is not as 
accurate. The mode acceleration method as presented in the forn 
given in references 1 and 2 is also laborious to use, but yields 
accuracy comparable to the force summation method This 
note presents an alternative version of this last method and 
points out that in this version the mode acceleration method is 
actually very easy to apply. An analysis of the interrelations of 
the three different methods is also given. 

The force summation method obtains the stress of a given 
point in the structure by superimposing the stresses due to the 
external disturbing forces, the inertia forces, and the motion- 
dependent forces. Such an analysis assumes the three types of 
forces to be statically applied at each instant of time. The 
normal coordinates, £,(¢), are utilized to obtain the displacemeuits 
w(x, t); velocities, w(x, 4); and accelerations, w(x, t); from which 
the inertia forces and the motion-dependent forces are obtained 
It should be noted that the method which was referred to as 
mode acceleration method in reference 3 is actually the force 
summation method according to the definition in this note. 

The mode displacement method obtains the transient stress 
merely by the superposition of the contributions from the normal 
modes which are used to represent the system and can be ex- 


pressed as 
n 
o; = > A MEA 3 
r=m+] 


where 
0; = stress at point / 
A,” = stress at point 7 due to a unit displacement of the 


rth normal mode 
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The mode acceleration method is best explained by the follow 


in be re- 


ing 1 I ulation Note that the equation of motion <¢ 
rrang into the form 
=? / Myr?) + (Er / Muar?) — (E-/@ 1 
If thi ubstituted into Eq. (3) there results 
— D — M 
S 40— ;» Sz 3 
i uf ‘ , 
fod uw —_ 7 w,* 
. F = 5 


It is recognized that the first term is the stress resulting from the 
tatic application of the external forces and hence it can be more 
ompletely obtained by elementary means than by a superposi 
tion of contributions from the normal modes. Thus, the mode 


eceleration method can be expressed as 


o t Ss A; = _ : ® 1 - 6 
' — Mw? 


[The term involving =," is extremely laborious to calculate and, 


for example, it will contain convolution integrals when unsteady 


verodynaimics are important For this reason, the mode acceler 


ition method in this version is not practical for problems which 
ontain motion-dependent forces as was stated in reference 1 
It should be recognized, however, that the normal equation 


of motion can be rearranged in the form 
=m J ° — M 9 : ) 
— (=, /Myw,?) = (Er / Myo?) — (€/wr? ( 


If this is substituted into Eq. (6), there results the alternative 


version of the mode acceleration method 


7 m+1 
In this form, no new quantities need to be calculated since = 
the prescribed function which disturbs the system and &, has 
ilready been calculated. 

Obviously, if an infinite number of normal coordinates are 
used, the various methods will all yield the same answer. 

An illustration of the difference between the force summation 
ind mode acceleration methods is shown by considering a can 
tilever beam under a transient load P(x)f(t). When the damping 
force due to motion can ke considered as viscous the equations 


f motion are given by Eq. (1), in which 


vhere is the dynamic pressure, LU the wind velocity, 1 the slope 
f lift curve, and ¢c(x) the local chord 
By using the mode acceleration method, the shear at x is given 


V 


here A,(x) is given by 
1 (x w | m(x )P(x )dx 12 


By using the force summation method, the shear at x is given by 


192 


It can be seen that the difference between Eqs. (11) and (13 


lies only in the second term. It can be proved, in fact, that 
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by expanding the damping force 1/U) c(x)%,(x)g, into a series 


of normal loadings each having a distribution proportional to 
the inertia loading in the vibration mod rhis is a clear indi 
cation that the force summation method given by Eq. (13) will 
lead to a more complete solution than that given by the mode 


icceleration method It should also be noted that the two meth 


ods become the same when the generalized forces are independent 
of the motion of the system 

A comparison of the three different methods has been mad 
on an idealized wing which consists of a uniform beam with 
center mass to represent the fuselage The disturbing function 
is a step-function gust loading uniformly distributed along the 
span. Two cases have been considered: in case A the heaving 
mode and the first vibration mode were chosen as the normal 
coordinates, and in case B the heaving mode and the first two 
vibration modes were chosen as the normal coordinates rh 
time histories of the bending moment at the wing root obtained 
by the three methods are shown in Fig. 1 It can be seen that 
the result by the force summation and mode acceleration meth 
ods are quite close together. In fact, in case B where two vibr 


tion modes are used, the two methods are indistinguishable from 





ch other 
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Double and Triple Correlations Behind a 
Heated Grid 


A. L. Kistler,* V. O'Brien, t and S. Corrsint 
School of Engineering, The Johns Hopkins University, Baltimore, Md 


August 3, 1955 


H 1T-VIRE MEASUREMENTS have been made of some statistical 
properties of the (approximately isotropic) turbulence and 


temperature fluctuation fields downstream of a heated grid set 


perpendicular to a uniform air stream. The grid is 1-in. mesh of 


1 /4-in. wood dowel; heat is introduced by a 1-in. mesh network 
of #18 nichrome wire mounted just upstream of and aligned with 
grid dowels. The mean air speed is 14 ft. per sec. and the mean 
temperature rise in the air stream is 5° C 

Although the resulting temperature field is not satisfactorily 
uniform (the mean temperature has a standard deviation of 10 
per cent about its spatial average in the central 70 per cent area 
of the air stream), some of the characteristic results may merit 
reporting 

A primary result is the relative decay rate of velocity and tem 
perature fluctuations (u’ and #’ respectively**). This differ 
ence, arising in essence from the vector-scalar difference between 
the two fields was discussed analytically in reference 1. The 
faired curve of Fig. 1 indicates a slower decay for the scalar 
field, apparently approaching quantitative agreement with the 
prediction,! (dd'/3')/(du'/u') & 8/5, in the downstream region 
A slightly modified analysis has been given in reference 2 

A comparison of temperature autocorrelation with longitudinal 
velocity autocorrelation is given in Fig. 2: 

, Hx I(x + €) ; u(x )u(x 4 
m(&) : : f(&) : ; 
O(Z)O(s + = U(X )a (Se + &) 


$ 


Most noteworthy is the rough equality of vertex curvatures 
and of general extent, hence of ‘‘microscales’’ and ‘“‘integral 
scales." The latter is doubtless associated with the equality of 
thermal and momentum mesh sizes in the grid. 

Fig. 3 illustrates the general resemblance of pertinent triple 
correlation coefficients, 

h(E) u(x u(x + §) p(é) U(x )I(xX)I(xX + &) 

u'2(x)u'(x + &) u'(x)d'(x)d'(x + &) 
which enter the equations for f and m respectively.') 

This work 1s being supported by the National Advisory Com- 
mittee for Aeronautics. Measurements with improved equip- 


ment are in progress 
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